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Abstract
The existing elliptical trainer cannot provide the user with the real jogging exercising mode and does not meet
the principles of ergonomics. The purpose of this paper is to propose and study an innovative elliptical trainer that
imitates the right timing of the foot trajectory while jogging. First of all, this study proposes and illustrates the
structure and function of the innovative elliptical trainer with quick-return effect. Then, by using vector-loop method
and motion geometry of the mechanism, the proposed innovative mechanism is studied kinematically. A design
example is presented for interpreting the design process. At last, the foot trajectory of the innovative elliptical trainer
is analyzed and confirmed. The simulation results confirm that the timing of the foot trajectory of the foot support
members satisfies the principles of ergonomics, and keeps the user’s legs from injury.

Keywords: innovative design, mechanism design, kinematics, elliptical trainer

1. Introduction
Jogging is a popular exercise, but it is known that the jogger’s knees may suffer from significant impact especially at the
time when the user’s foot hits the ground. The knees could be injured after constantly taking the impacts for a period of time. It
has been estimated that between 65-70% of runners will suffer an overuse injury in their lower extremities [1]. About 30
million Americans run for recreation or competition. Each year between 1/4 and 1/2 of runners lead to serious injury and cause
a change in exercise or training [2-4]. Therefore, the elliptical trainer is developed to guide the users’ feet to follow a track such
that impact forces are minimized and the knees are well protected from being injured. Research on the lower extremity
movements and forces generated during exercise on the elliptical trainer have demonstrated the elliptical motion which
produces lower impact forces than treadmill running during elliptical exercise and walking [5-7].
There are many patents about elliptical trainers, but few researches are studied on the mechanism design of elliptical
trainer. Shyu et al. [8] presented a novel design of adjustable elliptical trainer and the parameters that affect the elliptical path
and inclined angle of the foot trajectory are investigated. Knutzen et al. [9] studied the influence of ramp position on joint
biomechanics with adjusting the ramp setting during elliptical trainer exercise. Although quite a few kinematic structures have
been used on the design of elliptical trainers, few of these apparatuses give pedal paths that might boost the lower extremity
kinematics of gaits near the ground. Nelson and Burnfield [10] proposed a novel design method for elliptical exercisers and
created a foot trajectory that more closely mimics the lower extremity kinematics of gait. This design includes the substitution
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of a modified Cardan gear system for the typical crank. Yin [11] used ADAMS to simulate the dynamics of elliptical exerciser
and accurately describe its performance and the characteristic curves of some major components.
On conventional elliptical trainer, the joints connecting the flywheel to two supporting members are placed on the
flywheel with a 180° phase angle. Therefore, when one of the user’s feet is at the front end of a pedal trajectory and about to
support the user’s weight, the other is at the rear end of the pedal trajectory as shown in Fig. 1(a). In other words, the supporting
travel A1 and the striding travel A2 of the pedal trajectory A have almost the same path length.
Critics of the elliptical trainer have expressed concerns that the foot trajectory seems unergonomic and could cause the
knee to harmful loads, resulting in injury [4]. The foot trajectories during treadmill walking or running are tracked by using
webcam technology [12] and wearable wireless ultrasonic sensor network [13]. The foot trajectory of real jogging is shown in
Fig. 1(b). When one of the user’s feet is at the front end of the trajectory and starts supporting the user’s weight, the other one
has not yet reached the rear end of the trajectory but still on the way of its backward path. In fact, it could not begin to move
forward until it reaches the rear end of the trajectory. As shown in Fig. 1(b), the path length of the supporting travel B1 should
be shorter than that of the striding travel B2. As a result, the conventional elliptical trainer cannot provide the user with the real
jogging exercising mode and does not meet the principles of ergonomics.

(a) conventional trajectory

(b) real jogging trajectory
Fig. 1 Foot trajectory

Quick return mechanisms can be seen in every corner of engineering industry in various machines such as shaper,
stamping press, power-driven reciprocating saw and so on. Several structures of the quick-return mechanisms can be found
[14-15], including crank-shaper mechanisms, Whitworth mechanism and offset crank-slider mechanism. Quick-return
mechanisms are usually used in machine tools for the intention of providing the reciprocating cutting tool a slow cutting stroke
and a quick return stroke with a constant angular speed of the driving flywheel. The ratio of the time required for the cutting
stroke to the time required for the return stroke is called the time ratio (TR) and is greater than unity [15].
The study of quick-return mechanisms has been investigated by quite a few researchers, and many important
contributions have been accomplished. Dwivedi [16] modified the Whitworth quick-return mechanism to construct a
high-velocity impacting press. The impacting press machine includes a Whitworth quick-return mechanism comprising a
crank and a drive arm together with a variable speed D.C. motor, and a flywheel. This study also analyzes the reasons of the
unbalanced forces of this high velocity machine and manages to reduce the forces delivered to the foundations.
Fung et al. [17-18] derived the governing equation of a quick-return mechanism by using the finite element method (FEM)
with time-dependent length and Hamilton's principle. Hsieh and Tsai [19] proposed a novel design for quick-return mechanism
that combines a generalized Oldham coupling and a slider-crank mechanism. The proposed quick-return mechanism is more
compact and can be balanced easier than a conventional design. Chen et al. [20] proposed an elliptical trainer that composes of
a conventional elliptical trainer and a draglink mechanism to generate a quick-return effect in order to mimic the timing of the
foot trajectory while jogging. But the design procedures are too complicated, it is difficult for the designers to adjust the
dimension to meet the timing of the foot trajectory while jogging.
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The purpose of this study is to propose an innovative elliptical trainer that takes advantage of an inverted slider-crank
mechanism to imitate the timing of the pedal trajectory and study the kinematics of the design. By using the inverted
slider-crank mechanism, the design procedures are simple and easy to adjust the dimension to meet the requirement of time
ratio in the proposed design.

2. Innovative Elliptical Trainer

(a) innovative design

(b) detail drawing when right foot at a front end

(c) detail drawing when right foot at a rear end

Fig. 2 Innovative elliptical trainer
The innovative elliptical trainer proposed in this study is illustrated in Fig. 2. The design comprises a frame, two flywheels,
two swing handles, two foot support members, two sliders and a timing adjustment wheel. A sliding branch is created on each
of the flywheels. Each of the foot support members connects to a respective flywheel. When the flywheel rotates about its pivot,
the foot support member moves along a closed pedal trajectory C. The pedal trajectory C comprises a supporting travel C1
(from P1 to P3) and a striding travel C2 (from P3 to P1). The timing adjustment wheel rotates about a fixed pivot on the frame.
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A right slider sliding along the sliding branch on the right flywheel connects to the right side of the timing adjustment wheel.
On the contrary, a left slider sliding along the sliding branch on the left flywheel connects to the left side of the timing
adjustment wheel. The right and left sliders are connected to the same timing adjustment wheel only with 180° phase angle.
The motion of the elliptical trainer is described as follows. Fig. 2 shows that a user stands on the two foot support
members, where the right foot support member is pedaled by the user’s right foot and located at a front end P1, and the left one
is pedaled by the user’s left foot and located at a point P3. Accordingly, when the foot support member pedaled by the user’s
right foot is pedaled downward, the right flywheel with the sliding branch is driven to rotate about its fixed pivot. Therefore,
the timing adjustment wheel is driven to rotate according to the relative movement between the right slider and the sliding
branch of the right flywheel. Then, the timing adjustment wheel drives the left flywheel with the sliding branch to rotate
according to the relative movement between the left slider and the sliding branch of the left flywheel so as to guide the left foot
support member pedaled by the user’s left foot to move upward. Furthermore, when the foot support member pedaled by the
user’s right foot finishes the supporting travel C1 and reaches the point P3, the foot support member pedaled by the user’s left
foot is guided to finish the striding travel C2 and reaches the front end P1.
The quick-return effect is further explained as follows. When the timing adjustment wheel rotates 180° clockwise
(𝑎1 + 𝛽1 = 180° in Fig. 2(b) and 2(c)), the respective angle that the right flywheel rotates is less than 180° (𝑎2 + 𝛽2 =
180° in Fig. 2(b) and 2(c)). Therefore, the rotational speed of the timing adjustment wheel is faster than that of the right
flywheel when the foot support member pedaled by the user’s right foot moves within the supporting travel C1. The foot
support member pedaled by the user’s right foot is located at the point P3 rather than at the rear end P2 when the foot support
members pedaled by the user’s left foot just reaches the front end P1 of the pedal trajectory C. As the user’s left foot reaches the
supporting travel C1, the user’s right foot begins to lift backward and upward. As a result, the user can shift his weight from
one leg to the other before both his two legs are extended to their respective extreme positions so that the user is protected from
muscle sore and pain. The timing of pedal trajectory C generated by the proposed elliptical trainer is closer to that in the real
jogging and meets the principles of ergonomics.

3. Motion Geometry of the Quick-Return Effect
The skeleton drawing of the proposed innovative elliptical trainer assembly is shown in Fig. 3. From the vector loop
diagram of the innovative elliptical trainer mechanism in Fig. 4, the following two vector loop equations can be derived as:

r2  r4  r1  0

(1)

r5  r6  r7  r8  r9  0

(2)

Decomposing the vectors in Eq. (2) into X and Y scalar components, the equations become

r5 cos 5  r6 cos 6  r7 cos 7  r8  0

(3)

r5 sin 5  r6 sin 6  r7 sin 7  r9  0

(4)

where 𝜃𝑖 is the position angle of vector 𝑟̅𝑖 and the angle is defined positive when measured counterclockwise. When the foot
support member is at the front end P1 of the pedal trajectory in Fig. 2, the position angles of flywheel and foot support link are
the same (as shown in Figs. 3 and 5(a)), i.e. 𝜃5 = 𝜃6 . Substituting this into Eqs. (3) and (4) yields

(r5  r6 ) cos 5  r7 cos 7  r8

(5)

(r5  r6 ) sin5 =r7 sin7 +r9

(6)

Squaring Eqs. (5) and (6) and adding them together yields
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Acos 7 +B sin 7 +C  0

(7)

A  2r7 r8

(8)

B  2r7 r9

(9)

where

C  r72  r82  r92  (r5  r6 )2

(10)

By solving Eq. (7), the position angle of the handle, 𝜃7 , is obtained as:

7  2tan1 (

 B  A2  B 2  C 2
)
CA

(11)

From Eqs. (5) and (6), the angle of the flywheel, 𝜃5 , can be expressed as:

5  tan 1

r7 sin 7  r9
r7 cos 7  r8

(12)

Fig. 3 Skeleton drawing of the innovative elliptical trainer
Assume that the angle between the flywheel and the sliding branch is 𝑎, as shown in Figs. 3-5. When the foot supporting
member is at the front end P1 of the pedal trajectory (position 𝑎0 𝑎1 𝑏0 𝑐1 𝑑1 𝑑0 ) in Fig. 3, the position angle of sliding branch, 𝜃4 ,
can be found by

4   5  

(13)

By decomposing the vectors in Eq. (1) into X and Y scalar components and rearranging them yields

r2 cos 2  r4 cos 4  r1

(14)

r2 sin 2  r4 sin 4

(15)

Squaring Eqs. (14) and (15) and adding them together yields

r42  (2r1 cos 4 )r4  r12  r22  0

(16)
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Fig. 4 Vector loop diagram

(a) right foot at a front end

(b) right foot at a rear end

Fig. 5 Detail drawing of inverted slider-crank mechanism
By solving Eq. (16), the length of vector, 𝑟4 , is obtained as:

r4  r1 cos 4  (r1 cos 4 )2  (r12  r22 )

(17)

From Eqs. (14) and (15), the position angle of the timing adjustment wheel, 𝜃2 , can be expressed as:

 2  tan 1

r4 sin 4
r4 cos 4  r1

(18)

Similarly, when the foot support member is at the rear end P2 of the pedal trajectory (position 𝑎0 𝑎2 𝑏0 𝑐2 𝑑2 𝑑0 ) in Fig. 3, the
difference between the position angles of flywheel and foot support link is 180° (as shown in Figs. 3 and 5(b)), i.e. 𝜃6 = 𝜃5 −
𝜋. Substituting this into Eqs. (3) and (4) and yields

(r5  r6 ) cos 5  r7 cos 7  r8

(19)

(r5  r6 ) sin5 =r7 sin7 +r9

(20)

Squaring Eqs. (19) and (20) and adding them together yields

Acos 7 +B sin 7 +C  0
where

(21)
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A  2r7 r8

(22)

B  2r7 r9

(23)

C  r72  r82  r92  (r5  r6 )2

(24)

By solving Eq. (21), the position angle of the handle, 𝜃7 , is obtained as:

7  2tan1 (

 B  A2  B 2  C 2
)
CA

(25)

From Eqs. (19) and (20), the angle of the flywheel, 𝜃5 , can be expressed as:

5  tan 1

r7 sin 7  r9
r7 cos 7  r8

(26)

As the foot support member is at the rear end P2 of the pedal trajectory in Fig. 3, the position angle of the sliding branch, 𝜃4 ,
can be obtained from Eq. (13). Since the position angle of 𝜃4 is known, the length of vector 𝑟⃑4 , 𝑟4 , and the position angle of the
timing adjustment wheel, 𝜃2 , can be obtained from Eqs. (17) and (18) as well.
Assume that ∅12 is the angular displacement of the flywheel as the pedal trajectory moves from the front end P1 to the rear end
P2, and ∅21 is from the rear end P2 to the front end P1. The summation of these two angles is 360°, that is

12 +21  2

(27)

Time ratio (TR) is the ratio of the time required for the slow stroke to the time required for the quick stroke. If the timing
adjustment wheel runs at constant velocity, the time ratio TR can be expressed as:
TR 

12
21

(28)

Assume the time ratio is known, then the rotation angles of the two strokes of the foot trajectory between two extreme positions
can be expressed as:

21 

2
1  TR

12  2  21

(29)
(30)

As the pedal trajectory moves from the front end P1 to the rear end P2, the flywheel rotates with respect the fixed pivot and the
rotation angle is approximately 180°. When the pedal position is at the front end P1, assume that the position angle of the
sliding branch (link 4) is perpendicular downwards as shown in Fig. 5(a). At this time, 𝜃41 denotes the position angle of the
sliding branch and is equal to −90° while the position angle of timing adjustment wheel (link 2) is denoted as 𝜃21 . When the
pedal position is at the rear end P2, assume that the position angle of the sliding branch is perpendicular upwards as shown in
Fig. 5(b). At this time, 𝜃42 denotes the position angle of the sliding branch and is equal to 90° while the position angle of
timing adjustment wheel is denoted as 𝜃22 . From the geometry of the inverted slider-crank mechanism in Fig. 5, the position
angles of the timing adjustment wheel, 𝜃21 and 𝜃22 , are symmetrical. Therefore, 𝜃22 = −𝜃21 and the lengths of vector 𝑟⃑4 at
these two position are the same. Furthermore, ∅21 can be expressed as:

21  22  21  21  22

(31)

When the time ratio (TR) is known, the position angle of the timing adjustment wheel can be calculated from Eqs. (29) and (31).
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Furthermore, when the pedal position is at the front end P1 and the position of the sliding branch is downwards, i.e.,
𝜃41 = −90°, the position angle of timing adjustment wheel 𝜃2 is equal to 𝜃21 . It can be observed that there are three unknown
variables (𝑟1 , 𝑟2 , 𝑟4 ) in Eqs. (14) and (15). Assume that the length of the fixed link, 𝑟1 , is known, the length of the link 2, 𝑟2 , can
be obtained as:
r2 

r1
cos  21

(32)

As the pedal trajectory moves from the front end P1 to the rear end P2, the flywheel rotates with respect to the fixed pivot and
the rotation angle of the flywheel is approximately 180°. According to the assumption above, the relationship between the
stroke angles (∅12 and ∅21 ) and the length ratio (𝑟2 /𝑟1 ) of the timing adjustment wheel to the fixed link is shown in Fig. 6(a).
Fig. 6(a) shows the stroke angle ∅12 is larger than the stroke angle ∅21 . The smaller the length ratio is, the larger the stroke
angle ∅12 is and the smaller the stroke angle ∅21 is. However, when the length ratio of the timing adjustment wheel to the fixed
link is increased, the difference between the stroke angles ∅12 and ∅21 is reduced. The relationship between the time ratio and
the length ratio is shown in Fig. 6(b). From Fig. 6(b), the smaller the length ratio of the timing adjustment wheel to the fixed
link is used, the larger the time ratio becomes. On the contrary, the larger the length ratio is used, the smaller the time ratio
becomes. By using Fig. 6(b), it can be used to select proper length ratio to generate desired time ratio.

(a) stroke angles

(b) time ratio
Fig. 6 Stroke angles and time ratio

4. Kinematic Analysis
When the dimensions of the elliptical trainer mechanism and the position angle of the timing adjusting wheel 𝜃2 are
known, the complete kinematic analysis and pedal trajectory can be derived and calculated. From Eqs. (14) and (15), the
position angle of the sliding branch, 𝜃4 , can be expressed as:

4  tan 1

r2 sin  2
r2 cos  2  r1

(33)

By expressing the Eq. (2) into X and Y scalar component equations and rearranging, the equations become

r6 cos 6  r7 cos 7  r8  r5 cos 5

(34)

r6 sin 6  r7 sin 7  r9  r5 sin 5

(35)

where 𝜃5 = 𝜃4 + α. Squaring Eqs. (34) and (35) and adding them together yields
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Acos 7 +B sin 7 +C  0

(36)

A  2r7 (r8  r5 cos 5 )

(37)

B  2r7 (r9  r5 sin5 )

(38)

C  r52  r62  r72  r82  r92  2r5 r8 cos 5  2r5 r9 cos 5

(39)

where

By solving Eq. (36), the position angle of the handle, 𝜃7 , is obtained as:

7  2tan1 (

 B  A2  B 2  C 2
)
CA

(40)

From Eqs. (34) and (35), the angle of foot support link, 𝜃6 , can be found by

6  tan 1

r7 sin 7  r9  r5 sin 5
r7 cos 7  r8  r5 cos 5

(41)

Differentiating Eqs. (14) and (15) with respect to time yields velocity equations as:

(r2 sin2 )2  (r4 sin4 )4  ( cos 4 )r4

(42)

(r2 cos 2 )2  (r4 cos 4 )4  ( sin4 )r4

(43)

When the velocity of timing adjusting wheel 𝜃̇4 is known. By using Gauss-Jordan method to solve Eqs. (42) and (43), 𝜃̇4 and
𝑟̇4 can be obtained as:

r2 cos ( 2  4 )
2
r4

(44)

r4  r2 sin (2  4 )2

(45)

4 

Differentiating Eqs. (42) and (43) with respect to time yields velocity equations as:

(r6 sin6 )6  (r7 sin7 )7  (r5 sin5 )5

(46)

(r6 cos 6 )6  (r7 cos 7 )7  (r5 cos 5 )5

(47)

where 𝜃̇5 = 𝜃̇4 . By using Gauss-Jordan method to solve Eqs. (46) and (47), 𝜃̇6 and 𝜃̇7 can be obtained as:

4 

r5 sin (5  7 )
5
r6 sin (7  6 )

(48)

7 

r5 sin (5  6 )
5
r6 sin (7  6 )

(49)

Therefore, the pedal position (𝑥𝑝 , 𝑦𝑝 ) with respect to the fixed pivot of the flywheel can be expressed as:
x p  r5 cos 5  r6 p cos 6

(50)

y p  r5 sin 5  r6 p sin 6

(51)

Differentiating Eqs. (50) and (51) with respect to time yields the pedal velocity as:
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x p  r5 sin 55  r6 p sin 66

(52)

y p  r5 cos 55  r6 p cos 66

(53)

5. Design Example and Discussion
To explain the design procedure of the proposed innovative mechanism, a design example is presented here for
illustration. Referring to a conventional design, assume that the parameters 𝑟5 , 𝑟6 , 𝑟7 , 𝑟8 and r9 are 28.0 cm, 134.0 cm, 93.0 cm,
143.0 cm and 82.0 cm respectively. Using Eqs. (11) and (12), the angles 𝜃7 and 𝜃5 are calculated as 𝜃7 = −78.37°and
𝜃5 = −3.22° respectively. Assume that the position angle of the sliding branch is 𝜃4 = 𝜃41 − 90° when the foot support
member is at the front end of the pedal trajectory. The angle between the flywheel and the sliding branch can be calculated
from Eq. (13) as α = 𝜃5 − 𝜃4 = −86.78°.
Assume that the time ratio (TR) is 2.0, the angles ∅21 = 120°, ∅12 = 240°and 𝜃22 = −𝜃21 = 60° can be obtained from
Eqs. (29)-(31). Finally, assume that fixed length 𝑟1 is 13.0 cm, then the length of link 2 can be computed from Eq. (32) as
𝑟2 = 26.0 cm.
By using the vector-loop method and the kinematic analysis, motion simulation of pedal trajectory is carried out to
validate the feasibility of the proposed innovative mechanism. The pedal trajectories of a conventional and the proposed design
are shown in Fig. 7. The pedal trajectories are drawn and dotted whenever the timing adjustment wheel is angular displaced
with 10° increment. In Fig. 7(a), for the conventional elliptical trainer, the distance between any adjacent points near the front
and rear ends of the pedal trajectory is shorter and that in the middle of the supporting and striding travel is longer. In Fig. 7(b),
for the proposed design, the distance between any adjacent points near the bottom of pedal trajectory is shorter and that near the
top is longer. If the timing adjustment wheel is operated at a constant speed, the speed of the foot near the front and rear ends is
slower and that in the middle of the supporting and striding travels is faster for the conventional elliptical trainer. However, the
speed of the foot at the bottom of the pedal trajectory is slower and that at the top is quicker for the proposed design.

(a) conventional design

(b) proposed design
Fig. 7 Pedal trajectory

Fig. 8 Pedal velocity
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Assume that the timing adjustment wheel runs at 60.0 rpm, the velocity of the pedal on the foot support member is shown
in Fig. 8. When the timing adjustment wheel is at about 60° and 250° of the conventional design, i.e. near the front and rear
ends of trajectory, the pedal velocity is about 65.0 cm/sec. One the contrary, when the flywheel is at about 150° and 340°, i.e.
in the middle of the supporting and striding travels, the pedal velocity is about 175.0 cm/sec. The pedal velocity of the
conventional design is not same as the real jogging.
However, when the timing adjustment rotates from 60° to 300° in the proposed design, i.e. near the bottom part of pedal
trajectory, the pedal velocity changes between 65.0~120.0 cm/sec. When the flywheel is between 300° and 60°, i.e. near the
top part of pedal trajectory, the pedal velocity varies between 65.0~350.0 cm/sec. The maximum speed during the striding
travel is 3 times than that during the supporting travel. Therefore, the average velocity of pedal trajectory on the supporting
travel is slower than that on the striding travel. By using the quick-return effect of the inverted slider-crank mechanism, the
timing of the pedal trajectory in this innovative design is more similar to the one in real jogging and meets the principles of
ergonomics. When using this proposed innovative elliptical trainer design, the user can shift his body weight from one leg to
the other before both of his legs extend to their extreme positions. Compared to the conventional design, such a motion pattern
proposed in this study can protect the user from suffering muscle sore and pain. By using a 3D CAD design software,
SolidWorks, the solid model of this innovative design is constructed and shown in Fig. 9. For the sake of showing the structure
of the innovative design, the flywheel is drawn as a crank in Fig. 9. The CAD prototype can be used for assembly, simulation
and fabrication in order to confirm its feasibility and expedite the commercialization.

(a) top view

(b) isometric view

Fig. 9 CAD solid model of the innovative elliptical trainer

6. Conclusions
The purpose of this paper is to propose and study an innovative elliptical trainer that imitates the timing of the foot
trajectory during jogging. The procedures for the design of elliptical trainer with required time-ratio are illustrated. The pedal
trajectory and the kinematics of the innovative elliptical trainer are analyzed and simulated. The results of the simulation
confirm that the velocity of pedal trajectory on the supporting travel in the proposed design is slower than that on the striding
travel. Therefore, the proposed innovative design that mimics the timing of the foot trajectory can satisfy the design
requirements and fit the principles of ergonomics for the joggers. Based on the results of this investigation, the foot trajectory
and the workload of this design can be further modified by adjusting the dimension, the ramp setting and the resistance of the
motion. As for the dynamics of the innovative elliptical trainer and its test data under ISO standard [21], they will be studied,
collected and optimized in the future when the prototype is constructed.
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