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Abstract

Continuum robots are kinematically redundant and their dynamic models are highly nonlinear. This study aims
to overcome this difficulty by presenting a more practical dynamic model of a certain class of continuum robots
called cable-driven continuum robot (CDCR). Firstly, the structural design of a CDCR with two rotational degrees of
freedom (DOF) is introduced. Then, the kinematic models are derived according to the constant curvature
assumption. Considering the complexity of the kinetic energy expression, it has been approximated by the
well-known Taylor expansions. This case corresponds to weak bending angles within the specified bending angle
range of the robot. On the other hand, due to the low weight of the CDCR components, the gravitational energy
effects can be neglected compared to those stemmed from the elastic energy. Thereafter, the corresponding dynamic
model is established using Euler-Lagrange method. Static and dynamic models have been illustrated by examples.
This analysis and dynamic model development have been compared with the existing scientific literature. The
obtained results shown that the consistency and the efficiency of accuracy for real-time have been carried out.
However, the dynamic modeling of CDCR with more than 2-DOF leads to a more complex mathematical expression,

and cannot be simplified by adopting the similar assumptions and methodology used in the case of 2-DOF.

Keywords: continuum robot, cable-driven continuum robot, Taylor expansions approximations, Euler-Lagrange
method, dynamic modeling

1. Introduction

Continuum robots are behavioral-extension of hyper redundant manipulators inspired by animal world, even vegetable [1].
They can be made of hard or soft structures [2-3]. Unlike most conventional robots, continuum robots are characterized by
continuous and jointless flexible backbone. The motion of the robot is controlled by the mechanical actuators along with the
structure through the cables, tendons, wires or pneumatic/hydraulic bellows. This category of hyper redundant manipulators is
conceived to mimic the extraordinary capacities of some remarkable animal structures such as elephant trunks, tentacles and

snakes, which can offer a wide capacity range of maneuverability, dexterous manipulation and cluttered environments [4-10].

Unlike conventional robots, the forward kinematic modeling of continuum robots is more difficult to be modeled, and that
is due to their structural complexity, the strong coupling of their operational variables, and theoretical possibility of having an

infinite number of DOF. However, these continuum robots can be controlled only by means of a finite number of DOF, which
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reduces the set of solutions. In this paper, many research works have been proposed in literature to accomplish this purpose
[11-18].

Regarding dynamics modeling of continuum robots from a general point of view, there are many research works that have
been proposed in the literature. These models have been derived by different methods for single and multi-bending sections,
and for both planar and spatial manner cases such as, Euler-Lagrange formalism [15, 19], Cosserat rod theory [20-22],

Newton-Euler formalism [23], Hamilton principle [24] and virtual power principle [25-26].

For the considered class of continuum robots called cable-driven continuum robots (CDCRS), there are a few works about
the dynamic modeling [15, 24-26]. He et al. [15] presented the dynamic model of a specified continuum robot with one
bending section. The model was derived using the Lagrange method based on the Bernoulli beam equation and with the
constant curvature assumption. Gravagne et al. [24] presented the dynamic model of a planar cable-driven robot using the
Hamiltons principle based on an appropriate planar large deflection. Rone and Ben-Tzvi [25] described the dynamic models of
a single section for a cable-driven continuum manipulator using the principle of virtual power taking into consideration inertial,
frictional and gravitational effects. The same authors extended this model of a multi-segment rod driven continuum robot by
considering the existence of friction between rods and disks [26]. However, these models are numerically complex and very

difficult to implement for control purposes or for being used in general three-dimensional case.

In our previous work [27], the planar dynamic model of CDCR was developed on the basis of geometric model
approximation by Taylor expansions with fixed orientation assumption (i.e. planar projection). Although no inclusion of many
effect terms (such as the frictional and gravitational effects) in the developed model. The obtained simulation results show
some similarity for static and dynamic responses of the continuum robot behavior compared to works available in literature [15,

25]. This study is extended to the three-dimensional case (3D) with, just for one bending section.

However, since the complexity of the analysis increases with the consideration of the third dimension compared to our
two dimensions previous work approach [27], some simplifications were necessary to facilitate the development of the 3D

dynamic model conception.

In this paper, the establishment of the kinematic models and their corresponding dynamic model leads to complex
expressions which are difficult to analyze and exploit due to non linearity that appears in kinematic energy expressions. For
these reasons, some expressions of the kinematic energy are approximated through the well-known Taylor expansions under
the assumption of weak bending angle, which yields a simplified dynamical model and thus overcomes some numerical
singularities of the kinematic model expressions. As a result, the simplified dynamic model becomes more exploitable and can
thus be easily used for control purposes because of its reduced expressions [27-28]. For validation tests, the simplified dynamic
model has been used to simulate the static equilibrium as well as the dynamic behavior of 2-DOF CDCR, whereas the inverse

dynamic model has been used to simulate spatial trajectories tracking.

The remaining sections of this paper are organized as follows. Section 2 describes the structural design of 2-DOF CDCR.
In Section 3, the kinematic models are derived under constant curvature assumption and without torsion. In Section 4, the
dynamic model is developed by using Euler-Lagrange method and on the basis of simplified expressions obtained by applying
Taylor expansions approximations. The dynamic models are validated by simulation examples in Section 5. Conclusion and

future works are given at the end.

2. Cable-Driven Continuum Robot

The explicative scheme of 2-DOF CDCR is shown in Fig. 1. The overall structural is composed of four basic components:
The rigid base which comports the control system, flexible backbone which represents the principal element of the continuum

robot, a number of disks and three actuation cables.
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Through independent controlling two cables, two degrees of freedom can be achieved. The first rotation is the bending
angle @ and the second one is the orientation angle ¢ (see right side of Fig. 1). Therefore, the spatial motion e.g. the

deflection of the flexible backbone is governed by applying adequate tension to one or two cables, at the same time, placed at

120° from each other.

Flexible backbone

Cables

Disks

Base

Fig. 1 Explicative scheme of the 2-DOF CDCR and its kinematics nomenclature

With respect to the underlined goal, the profile of the whole robot is assimilated to a backbone curve. This backbone curve

is modeled as an inextensible arc of circle oriented in space, and parameterized by its arc length [, a curvature x and an

orientation angle ¢.

To describe the 2-DOF CDCR under consideration, three reference frames are defined: the first one is attached to the

fixed disk {X,,Y,,Z,}. The second frame {X,y,z} is attributed to the end disk, and the last one is the moving frame

{X,.Y,,Z,} that depends on the curve parameter s [0, ¢].

3. Kinematic Modeling

This section defines the kinematic models of the 2-DOF CDCR. The modeling assumptions used in this paper are

introduced at first. Then, positions, orientations and velocities are derived.

3.1. Modeling assumptions

The developments of kinematic and dynamic models are based on the following assumptions [27]:

o The flexible backbone is considered to be inextensible, and its shape is assumed to be continuous with constant curvature
and zero torsion;

o The friction at each disk’s cable routing hole are neglected;

o No external forces, except driving forces;

e The flexible backbone has a uniform mass distribution along its length, and possesses a high stiffness that permits the

torsion avoiding.

3.2. Position and orientation

Each point located on the central axis of the flexible backbone is specified with s, which represents the length from the

origin of reference frame to the specified point (see right side of Fig. 1).

Therefore, based on the constant curvature assumption [18], the position vector r, of any point at s can be expressed as
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0

The orientation matrix can be defined by three sequential rotation matrices as follows:

R, =rot(Z,, p).rot(Yy, 6,).rot(Z,, - @) =[ns b ts] 2
where ng, by and t, are the normal vector, the binormal vector and the tangent vector correspond, respectively, to the first,

second and third column of the matrix Ry

3.3. Linear and angular velocities

The linear velocity v at any point can be obtained by direct derivation, with respect to time, of Eq. (1). Whereas, the

angular velocity o, can be expressed as [25]

where {, is the derivation vector with respect to time, and t; is the skew matrix associated with vector t, given by the third

column of matrix R, as
t,=[cps6, spsb, cb,] (4)
4. Dynamic Modeling

To derive the equations of motion, Euler-Lagrange method is employed for the general coordinates q=[6 (o]T as

follows:

0 aT_oT, U

daor ot . 5
dtag o9 oq Qi ®)

where T is the total kinetic energy, U is the total potential energy, and Q; is the generalized forces with j=12.

4.1. Total kinetic energy
The total kinetic energy of the 2-DOF CDCR consists of two parts: the kinetic energy of the flexible backbone T, and the

kinetic energy of all disks T, . Thus, the total kinetic energy is given as follows:

where
T =Tp Trans + To,Rot (7
Tg =Td Trans + Td,Rot (8)

4.1.1 Translational kinetic energy of flexible backbone

The distribution mass of flexible backbone is assumed uniform; thus, the translational kinetic energy can be obtained as
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(
T, EY ds = = 2m, (21,62 + 2 H,¢? 9
b,Trans_EIVsmes S_E mb(g 1 +Z 207) 9)
0

where m, is the flexible backbone mass, and factors H, and H, are given as follows:

Hy = is (6% +60-125(0) +60(0)) o
0

H, = %(69 -8s(6) +5(20)) )
6

In the following, Taylor expansions are implemented in order to reduce the complexity of expressions that will be

involved in the dynamic model’s terms. They also serve to avoid the numerical singularities when @ is close to zero [27-28],

which are clearly shown in expressions of Eq. (1) and the ones provided by its derivation as the expressions of factors H;.

Thus, by using the Taylor expansion with respect to the bending angle ¢, the equivalent factors of H, and H, are given as

follows:

4 2

_ 0

0 3

PN @2
8640 168 20
4 2
_ 0 0
Hy=——+— (13)
42 5

CDCRs are constrained to a small range of the bending angle @ depending on the flexible backbone material. Therefore,

for the range of the bending angle as 6 <[-37/5 3z /5], the Taylor expansions can approximate the factors involved in Eq.

(9) with smaller errors, which are shown in Fig. 2.
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Fig. 2 The comparison of exact and equivalent factors of H,and H, , and their errors

4.1.2 Rotational kinetic energy of flexible backbone

Without loss of generality, the rotational kinetic energy can be expressed as
17 1 .
To,Rot =5 | @6 I @5ds =2 (1 (H30° + Hyo?) 14)
0

where 1, is the second moment of cross-sectional area of the flexible backbone, and the factors H, and H, are defined in the

appendix. Similarly, the comparison of exact and equivalent factors of H, and H, in the specified range of the bending angle

are shown in Fig. 3.
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Fig. 3The comparison of exact and equivalent factors of H; and H,, and their errors

4.1.3 Translational kinetic energy of all disks

For reasons of simplicity, the disks are mounted on the flexible backbone with equal space between each disk; therefore,
the kinetic energy can be expressed as

18+ 15, 22 2
T4 Trans :EZVk MgV 254 my (Hs 0 + Hg %) (15)
k=1

where my, is the disk’s mass, and for each disk k , the linear velocity v, is calculated at s=k /10 with k=1,2,..,10, and

factors Hy and H, are defined in the appendix. Fig. 4 shows the comparison of exact and equivalent factors of H; and H,
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Fig. 4 The comparison of exact and equivalent factors of H; and H , and their errors

4.1.4 Rotational kinetic energy of all disks

Similarly to translational kinetic energy, the rotational energy can be written as

138 ¢ 1 2 2
Td,Rot=EZwk Iwk=EIxx(H79 +Hg o) (16)
k=1

where I is the disk’s moment of inertia expressed in the reference frame {XO Yo, ZO} which depends on the disk’s orientation

and local moments of inertia I, I,,, and I,,. This moment of inertia can be expressed as

I="R,| 0 I, 0 |°Ry (17)
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and factors H, and H, are defined in the appendix. The comparison of exact and equivalent factors is shown in Fig. 5.
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Fig. 5 The comparison of exact and equivalent factors of H, and Hg, and their errors

Table 1 The estimated parameters and geometric properties of 2-DOF CDCR

Parameters Designation Value
( Length of flexible backbone 0.802m
m, Mass of flexible backbone 0.0326 Kg
my Disk mass 0.0082 Kg
d, Diameter of flexible backbone 0.005m
dy Diameter of disk 0.04m
r Radial distance between the cables and the neutral axis ~ 0.019 m
Elasticity modulus 9.5 GPa
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Fig. 6 The comparison of velocities’ terms of the total kinetic energy, calculated
by using exact expressions and those by Taylor expansions

From the analysis of Figs (2)-(5), it can be seen that the curves, of exact and equivalent factors, are much superposed
except the factor H, . Generally, CDCRs are lightweight and therefore, for the estimated parameters and geometric properties
of 2-DOF CDCR under consideration are given in Table 1, the maximum error value between exact terms and that calculated
by using equivalent factors of velocity terms of the total kinetic energyis less than 0.05% (precisely, this value is recorded at
0=13715, see Fig. 6). This result indicates that the simplified expression of kinetic energy is satisfactory in the specified

range of the bending angle.

4.2. Total potential energy
For the considered 2-DOF CDCR, the total potential energy is calculated as a sum of gravitational energies and elastic

energy. Due to the low weight of disks and the flexible backbone mentioned earlier, the sum of gravitational energies can be
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ignored in comparison with elastic energy. Fig. 7 shows the ratio between the sum of gravitational energy of all disks and the
flexible backbone over elastic energy calculated as a function of the bending angle 6 . From this Figure, it can be seen that the
sum of gravitational energy are much smaller than the elastic energy where the maximum value of the ratio is less than 0.27%.

Therefore, the potential energy can be calculated as [29]

_El,
Y

U 02 (18)

where E is the elasticity modulus, I, is the second moment of cross-sectional area of flexible backbone.
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Fig. 7 Ratio between total gravitational energy and elastic energy as a function of bending angle

4.3. Generalized forces
As mentioned above that the CDCR under consideration has two degrees of freedom; thus, the spatial motion can be

achieved by actuating one or two forces, at the same time, on the cables. So, the relationships between the generalized forces

Q, and Q, intherangeas ¢<[0 27/3] can be expressed as a function of tension forces on the cables, F, and F,, as [15]

{Ql =Rre(n-9)+Rrc(y; -9) (19)

where r is the distance from the central axis of flexible backbone to each actuating cable on the disk.
With all previously defined terms involved in dynamic model, the equations of motion will be derived in the following

subsection.

4.4. Equations of motion

The resulted model from the application of Euler-Lagrange method can be written as

My My, o Cii G G - Ky Ky |0 Dy Dy ||R
(T Op ¢+ = (20)
My My Lo Cu Cp Cy ) Ky Kylle Dy Dy | LR
where

My, = (2myH, + 01, Hg + (°m Hg + 1 H,
My, :M21:0 (21)

Moy, = (°myH, + (1, H, + °myHg + 1, Hg
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12 (24)
D, =-rds(p)
D,, = r9s(2x/3-p)

5. Simulation-Based Analysis

The static equilibrium analysis, the forward dynamic responses and the inverse dynamic responses are successively
presented.

5.1. Static equilibrium analysis

This example is carried out without tension in cables. The model is initialized with a value of the bending angle as 6=7/4
and a zero value of the orientation angle (¢ =0). The dynamic responses for two angles of the CDCR are shown in Fig. 8,
where it can be seen that the robot presents oscillations around an equilibrium position (i.e. around the z, -axis). The

stabilization of robot begins after 37.68 sec with a sample step equal to 0.06 sec.

50 T T T T T T T
X: 37.68
Y: 0.05995
|
I I I
25 30 35 40
1 T T T T T T T
Z o
-~ -1 Il 1 1 1 1 Il 1
(0] 5 10 15 20 25 30 35 40

Time ( sec)

Fig. 8 Dynamic responses for the bending and the orientation angles with null actuation forces

5.2. Forward dynamic responses (FDRS)

This model is used to estimate the motion of the 2-DOF CDCR (i.e. the angles ¢ and ¢ ) when the cables are actuated by
tension forces. For this model, two simulations examples are performed. In Fig. 9, we present the FDRs for the bending and the
orientation angles as a response to an input of 5N of a tension in cable 1 from its equilibrium position. From this Figure, it can

be seen that the continuum robot presents some oscillations around a new stable value of the bending angle which equals to
0=15.53°, while the orientation angle ¢ remains constant and equals to zero.
In the second example, tensions are applied on cable 1 and 2 (see left side of Fig.1). By considering the tensions in the

cables shown in Fig. 10(a), the FDRs for the Cartesian coordinates of the end-point of the robot are shown in Fig. 10(b). It is

noticed that these coordinates are captured after stabilization of the dynamic model simulation.
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Fig. 10 Inputs and outputs of FDRs
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The dynamic model has been implemented in Matlab/Simulink including the numerical derivatives of velocities and

accelerations, as shown in Fig. 11. The actuated forces on three cables required for the end-point of 2-DOF CDCR are estimated.

Two simulation examples are considered. Fig. 12 illustrates the obtained simulation results from IDRs to track a spatial circular

trajectory which is defined by 6 = % and ¢ = %t (red line), where t is the sampling step of time varies from 0 to 10 with a step

equal to 0.2.
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In the second example, the obtained simulation results, shown in Fig. 13(b), represent the given data for tracking a

trajectory defined by 6 = %t and ¢ = % (see Fig. 13(a)).

Desired path

500

O x
-500 T 500 (mm)

(a) Desired path plotted on 2-DOF CDCR’s workspace

Fig. 12 Inputs and outputs of IDRs (Example 1)
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(b) Temporal evolution of the actuation forces

Fig. 13 Inputs and outputs of IDRs (Example 2)

5.4. Dynamic responses with a PID controller

In order to reduce the oscillations around the new stable value of the bending angle, as shown in Fig. 9, a

Proportional-Integral-Derivative (PID) controller is integrated. For this, the resulting value of the FDRs of example 1 is used as

an input for the proposed PID controller. The selected parameters of the PID controller offer an acceptable compromise on
performance and their values are: K, =2.8 , K, =0.004, and K, =0.38.
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Fig. 14 Dynamic responses for the bending and orientation angles with the PID controller
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The dynamic responses in closed-loop with the PID controller are shown in Fig. 14. The observation of the graphical
results illustrated in Figs. 9 and 14, shows that the classical PID controller is capable of reducing those oscillations
significantly. The simulation results demonstrate that the PID controller is effective and suitable when it comes to improving

the performance responses.

5.5. Summary

Generally, CDCRs have different characteristics and specificities such as size, weight, flexible backbone material, etc.
Therefore, it is difficult to make a direct comparison among the proposed models only on the basis of the obtained results.
Despite the differences in assumptions and methods used as well as the properties of studied CDCRys, it is deduced that the

proposed dynamic model is almost similar in comparison to results of existing works [15, 25].

Considering the results on static equilibrium and despite some mentioned differences above, it can be seen that there is a
very similar shape and behavior responses compared to work [25]. The same conclusion can be observed for forward dynamic

models regardless of the inclusion of friction effects.

Considering the inverse dynamic model, to our best knowledge only the work [15] handles this model. Therefore, the
same path trajectory presented in the paper [15], was used to validate our proposed model. From the analysis of the obtained

results, it can be seen that there is a great similarity from the point of view of output responses.

On the other hand, comparing the present model to the one developed in the previous work [27], it is found that the
obtained expressions are simple. The maximum error value between exact terms of the velocities of the total kinetic energy and

ones calculated by using the equivalent factors is less than 0.05% in the specified range of the bending angle.

As a general conclusion of this analysis, since there are some similarities between the obtained results for the static and
dynamic models compared to available works; this enables to validate the proposed dynamic model and therefore to adopt this
model for research studies as well as for control implementation purposes. These topics will be considered for future research

projects.

6. Conclusions

In this paper, the dynamic model of 2-DOF CDCR was established based on Taylor expansions approximations through
the Euler-Lagrange method. The approach extends the previous work [27] by modeling the three dimensional case taking into
account other parameters such as the inertial terms. To this end, some simplifications have been adopted to reduce the dynamic
model’s complexity. The obtained expressions of the dynamic model are relatively simple which enabled an easier analysis
and simulation of the CDCR behavior. Specifically, the simplified expressions of velocity’s terms of the total kinetic energy
are provided with a maximum error value less than 0.05% in the specified range of the bending angle of the robot. On the other
hand, due to the low weight of CDCR components, the total gravitational energy was neglected relative to the elastic energy of
the flexible backbone. The estimated maximum ratio is less than 0.27%. The obtained simulation results for both static and
dynamic models are being more or less similar compared to the available literature works, despite differences on assumptions,
modeling approaches and specificities of the considered CDCR. However, more bending sections increase the complexity of
the dynamic model despite the used simplifications. Actually, the obtained dynamic model can be exploited to test and

implement control purposes.
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Nomenclature

dy Diameter of the flexible backbone
d, Diameter of the disk
Elasticity modulus

R Tension force in the cable i
i Index of the cable,i=1,2,3
I Disk’s moment of inertia expressed in the frame { X, Y,,Z,}
I Inertia moment of the flexible backbone
I Inertia moment of the disk
I lyy 15 | Disk’s moment of inertia aligned with X,Y and Z axis, respectively
k Index of the disk, k =1.2,...,10
0 Length of the flexible backbone
my Mass of the flexible backbone
my Mass of the disk
ng,bg,tg | Unit vectors of matrix R

i Generalized forces, j=1,2
r Radial distance between the cables and the neutral axis of the flexible backbone
Is Position vector
R, Rotation matrix
S Curve parameter
t Time variable
T Total kinetic energy
U Total potential energy
Vg Linear velocity
K Curvature
) Orientation angle
7] Bending angle
W Angular velocity

Denoted first derivative with respect to time

A Denoted skew matrix

Appendix
L5 15 +02(9) s(20)  s(46)
3:_— —_— p—
8 646° 20° 89° 2566°
1 6s(26)
4= -
2 49?

1 0 0 26 30 46 0 30 76
Hy = —— (400 - 40c(—) — 40c(—) — 40c(—) — 40c(—) — 40c(—) — 40c(—) — 40¢c(—) — 40c(—)
406" 2 5 5 5 5 10 10 10

90 2 0 0 20 30 40
- 40c(5) + 776" — 40c(6) — 400s(0) — 2093(;) - 86’5(;) —1695(?) - 2463(?) - 3293(?)

0 30 70 96
—40(—) —1205(—) - 2805(— ) — 3605(—))
10 10 10 10

(25)

(26)

(27)
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1 0 0 20 30 460 0 660 70 30
Hg = ——(30+¢(26) — 4c(—) —3¢(—) — 3c(—) —3c(—) = 3c(—) —4c(—) + c(—) + ¢(—) — 4c(—)
2 2 5 5 5 5 10 5 5 10

40 (28)
80 960 70 96
+o(—) + (=) —4c(—) — 4c(—) - 3¢(0))
5 5 10 10
303 26 91 17 207 660 51 760 27
:—0(29)—— (= )—— o(—)-———¢ (—)—— (—)—— (=) ——=c(—=)——¢ (—)
200 5 800 5 200 5 5 800 5 200 5 200 5 (29)
19 1 120 1460 1 160 1 186 1051
o2+ o) o)+ o) () - e(0) 4
200
o o 20 30 40 o 30 70 99
Hg =52(=) +52(2) + 52 (=0) +52 () + 5% (—) + 52 (—) + 52 (=) +52(—) +5% (=) +5%(0) (30)
2 5 5 5 5 10 10 10 10
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