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Abstract

A numerical model based on the dual reciprocity boundary element method (DRBEM) is extended to study
the generalized magneto-thermo-viscoelastic transient response of rotating thick strip of functionally graded
material (FGM) in the context of the Green and Naghdi theory of type Il1l. The material properties of the strip
have a gradient in the thickness direction and are anisotropic in the plane of the strip. An implicit-implicit
staggered strategy was developed and implemented for use with the DRBEM to obtain the solution for the
displacement and temperature fields. The accuracy of the proposed method was examined and confirmed by
comparing to the obtained results with those known before. In the case of plane deformation, a numerical scheme
for the implementation of the method is presented and the numerical computations are presented graphically to

show the effect of the rotation on the temperature and displacement components.

Keywords: generalized magneto-thermo-viscoelasticity, rotation, anisotropic, functionally graded material, dual
reciprocity boundary element method

1. Introduction

Biot [1] introduced the classical coupled thermo-elasticitytheory (CCTE) to overcome the paradox inherent in the
classical uncoupled theory that elastic changes have no effect on temperature. The heat equations for both theories are
diffusion type predicting infinite speeds of propagation for heat waves contrary to physical observations. Most of the
approaches that came out to overcome the unacceptable prediction of the classical theory are based on the general notion of
relaxing the heat flux in the classical Fourier heat conduction equation, thereby introducing a non-Fourier effect. A flux rate
term into Fourier law of heat conduction is incorporated by Lord and Shulman [2], formulated an extended thermo-elasticity
theory (ETE), which is also known as the theory of generalized thermoelasticity with one relaxation time and the Fourier's
heat conduction equation is modified. Another thermoelasticity theory that admits the second sound effect is reported by
Green and Lindsay [3] who developed temperature-rate-dependent thermo-elasticity theory (TRDTE), which is also called as
the theory of generalized thermoelasticity with two relaxation timesby introducing two relaxation times that relate the stress
and entropy to the temperature. After that, an alternative approach in the formulation of a theory predicting the finite
propagation speed of the thermal disturbances is due to Green and Naghdi[4, 5] where they developed three models for

generalized thermoelasticitywhich are labeled as models I, Il and I11.

With the rapid development of polymer science and plastic industry, as well as the wide use of materials under high
temperature in modern technology and application of biology and geology in engineering, the theoretical study and

applications in viscoelastic materials has become an important task for solid mechanics. In recent years, the dynamical
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problem of thermoviscoelasticity for an anisotropic material becomes more important due to its many applications in modern
aeronautics, astronautics, earthquake engineering, soil dynamics, nuclear reactors and high-energy particle accelerators. It is
hard to find the analytical solution of a problem in a general case, therefore, an important number of engineering and
mathematical papers devoted to the numerical solution have studied the overall behavior of such materials (Berezovski and
Maugin[6], Misra et al. [7], EI-Naggar et al. [8, 9], Abd-Alla et al. [10-12], Fahmy [13-17], Fahmy and EIl-Shahat [18], Yan
and Liu [19]).

Functionally graded materials (FGMs) are a type of nonhomogeneous composites usually made from a mixture of
metals and ceramics. FGMs are now developed for general use as structure components in ultrahigh temperature
environments and extremely large thermal gradients such as aircraft, space vehicles, automobile industries, nuclear plants
and other engineering applications. For a functionally graded (FG) thick strip the material properties are generally assumed
to vary continuously in the thickness direction only. The response of an FG thick strip to mechanical and thermal loads may
be computed analytically, numerically, or experimentally. We are not aware of experimental results on FG thick strips
subjected to transient thermal, magnetic and mechanical loads. And it is well known that the thermal stress distributions in a
transient state can show large values compared with the one in a steady state. Therefore, the transient thermoelastic problems
for these nonhomogeneous materials become important, and there are several studies concerned with these problems such as
Shariyat et al. [20], Afsar and Go [21], Zhang and Batra [22], Arani et al. [23], Khosravifard et al. [24], Rangelov et al. [25],
Zhou et al. [26] and Fahmy [27, 28].

One of the most frequently used techniques for converting the domain integral into a boundary one is the so-called
dual reciprocity boundary element method (DRBEM). This method was initially developed by Nardini and Brebbia [29] in
the context of two-dimensional (2D) elastodynamics and has been extended to deal with a variety of problems wherein the
domain integral may account for linear-nonlinear static-dynamic effects. The DRBEM has been highly successful in a very
wide range of engineering applications, including acoustics, aeroacoustics, aerodynamics, fluid dynamics, fracture analysis,
geomechanics, elasticity and heat transfer. A more extensive historical review and applications of dual reciprocity boundary
element method may be found in Brebbia et al. [30], Wrobel and Brebbia [31], Partridge et al. [32],Partridge and Wrobel
[33]and Fahmy [34-39] who studied DRBEM problems considering viscoelastic solid of Kelvin-Voigt type.

The present work deals with a two dimensional generalized magneto-thermo-viscoelastic problem for a rotating
functionally graded anisotropic thick strip. The problem has been solved using generalized thermoelasticity theory proposed
by Green and Naghdi [4]. A predictor-corrector implicit-implicit staggered algorithm was developed and implemented for
using with the DRBEM to obtain the solution for the displacement and temperature fields. The transient temperature,and
displacement components have been computed numerically and illustrated graphically in the context of the Green and
Naghdi theory of type Ill. It can also be seen from these figures that the effect of rotation is very pronounced. Numerical

results that demonstrate the validity of the proposed method are also presented graphically.

2. Formulation of the Problem

Consider a Cartesian coordinates system Oxyz as shown in Fig. 1. We shall consider a functionally graded anisotropic
viscoelastic thick strip of a finite thickness h placed in a primary magnetic field H, acting in the direction of the z-axis and

rotating about it with a constant angular velocity in the presence of spatially varying heat source. The strip occupies the
region R = {(x, 1,2:0<x<y,0<y<p0<z< g} with varying material properties in the thickness direction. Here we

address the generalized two-dimensional deformation problem in xy-plane only; therefore, all the variables are constant

along the z-axis.
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Fig. 1 The coordinate system of the strip

The generalized magneto-thermo-visco-elastic governing differential equations in the context of the Green and Naghdi

theory of type Il for a Kelvin-Voigt type can be written as

Oapp + Eab,b - p’.sza = p,ua (1)
! ! 3 a 1 ! ! ! !
Ogp = N[Cabfguf,g = Bap (T —To + T1T)]:N = (1 + v E) (Ca.bfg = Crgap = Cbafg)' (Bab = Bpa) 2
Eqp = ' (haHp + hpHy = Spa(hpHp)) hg = (V X (u x H)) | 3)
I / 2 Iy I ’ .o ! ’ ! ! !
Ko + K ap o] Tap + 0% = p'c'T + B 1 Tola s (Kip = k), (kiz)? — Kisks, < O @)

The initial and boundary conditions for the current problem are assumed to be written as

ur(x,y,0) = ur(x,y,0) =0 for (x,y) ERUC (5)
ur(x,y,7) =¥ (x,y,1) for (xy)€C (6)
ta(,y, 1) =Y (x,y,7) for (x,y) €Cut>0,C=C3UC, C3NC,=0 )
T(x,y,0) =T(x,y,0) =0 for (x,y) ERUC (8)
T(x,y,17) = f(x,y,t) for (x,y)€C;,T>0 (9)
q(x,y,7) = h(x,y,7) for (x,y)€C;t>0,C=CUC, C;NC, =0 (10)

A superposed dot denotes differentiation with respect to the time and a comma followed by a subscript denotes partial

differentiation with respect to the corresponding coordinates.

For functionally graded materials, the parameters Cqyrg, Ban, #', p" and kg, are space dependent. In this paper, we
have focused our attention on studying the effect of inhomogeneity along the 0x direction. Thus, we replace these quantities

bY Caprgf (x), Banf (x), uf (x), pf (x) and kqp f (x) Where Coprg, Bap, 4, p and k,;, are assumed to be constants andf (x) is
a given nondimensional function of space variable x. We take f(x) = (x + 1)™, where m is a dimensionless constant. Then

the equations (1)-(4) become
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Oapp + Tapp — Px + D™0%x, = p(x + D™,
Oap = R(X + D™[Caprgtts g — Bap(T — To + 7,T)]

ab = M(X + 1)m(ﬁaHb + EbHa - é‘ba.(i:lfo))

F . ) )
[kZb + kap E] Tap + pX = pc(x + D™T + Bop Tl

3. Numerical Implementation

Making use of Egs. (12) and (13), we can write (11) as follows

Lgpur = pitg — (DT — p0%x,) = fyp

73

11)

(12)

(13)

(14)

(15)

where the inertia term pii,, the temperature gradient D,T and rotation term pQ2x, are treated as the body forces. The field

equations can now be written in operator form as follows
Lgbuf = fgb

LapT = fap

where the operators Ly, fgp, Lap and f,, are defined as follows:

Lab = Davy 5=+ Day + ADasy fop = Pita = DT + p27xg
e . > ) .
Lap = kap a—a—'fab = KapTap + pc(x + D™T + BopToiig, — pX
Xq 0Xp
Where
9 (@ 9
Dapy = CaprgRe, €= @' Doy = uHg (a_xa + 5a1/1) o

d d a m
Da=_ﬂab<a—xb+8b1A+Tl(E+A>E)' A=

Using the weighted residual method (WRM), the differential equation (16) is transformed into an integral equation

f(Lgbuf - fgb)uZia dR =0
R

Now, we choose the fundamental solution u;, defined by

Lgbqu = —8440(x, %)

as weighting function

(16)

(17)

(18)

(19)

(20)

(21)
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The corresponding traction field can be written as

taa = CaprgNugr gny (22)
The thermoelastic traction vector can be written as follows
t, ,
ty = GrDm (Cappg®usg = Ban (T + 1, T))ny, (23)

Applying integration by parts to (20) using the sifting property of the Dirac distribution, with (22) and (23), we can write the

following elastic integral representation formula

ug(§) = f (Udata — tiala * UdaBapTny) AC — f fgpttaadR (24)
C R

The fundamental solution T *of the thermal operator L, is described mathematically by the Dirac distribution 6 (x, ) as

follows

LopT" = —6(x,8) (25)
where x is the field point and ¢ is the load point; By implementing the WRM and integration by parts, the differential

equation (17) is transformed into the thermal reciprocity equation

f(LabTT* — Ly T*T)dR = f(q*T ~qT")dC (26)

where the heat fluxes are independent of the elastic field and can be expressed as follows:

q=—kepTpng (27)

*

q = _kabT,;)na (28)

By the use of sifting property, we obtain from (26) the thermal integral representation formula

1© = [@T-ardc - [ fouTar )
Cc R

The integral representation formulae of elastic and thermal fields (24) and (29) can be combined to form a single equation as

follows

ua(f) f tda —uzigz:bnb] [1;51] + [uga _(;1*] [t;]}dC f[uda fgb ]dR

T ) —T* ~fab (30)

c

It is convenient to use the contracted notation to introduce generalized thermoelastic vectors and tensors, which

contain corresponding elastic and thermal variables as follows:
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_(ug a=A=1,2,3
w_{T A=4
T_Ya a=4=1,273
47 \q A=4
u, d=D=1,23a=4A=123
ys =10 d=D=1,2,3;A=4
ba 0 D=4a=4=1,23
—-T* D=4A=4
ti, d=D=1,23a=4=1,23
T -ty d=D=123A=4
ba™ 9o D=4a=4A=1,273
—q¢* D=4A=4

~k ok
g = UgaBasny

Up(6) = f (U Ty — ToalUs)dC — f Up uSydR
C R

The vector S, can be written in the split form as follows

Where

Sy =80 +ST+8I+8I 4 gt

o [P0%x, A=1,2,3
SA = .
pX A=

S} :wAFUFWitwAF :{_Da 0A= 1l213;F=4

a 0

. . ko, —

Si = DpUp wit [}y :{ ab 0x, 0x,,
0

~~ o —cp(x+1)"A=4;F =4
S‘Z = OarUp Wit 8y = {O e . ot erwise
A=1,2,3,F=1,23,

" . p
Sj‘:dUFWLthd:{ A=4 F =4

_TOBfg‘g

The thermoelastic representation formula (30) can also be written in matrix form as follows:

50 = [ D01 Ll oo Bl L

(31)

(32)

(33)

(34)

(35)

(36)

@37

(38)

(39)

(40)

(41)

(42)

(43)
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Our task now is to implement the DRBEM. To transform the domain integral in (36) to the boundary, we approximate

the source vector S, in the domain as usual by a series of given tensor functions f,-and unknown coefficientsa;!

E
0= Y fiet )
=1
Thus, the thermoelastic representation formula (36) can be written in the following form

Up(§) = f(UDATA T5aUs)dC — ZIUDAfAEdR ag (45)

q=1R

By applying the WRM to the following inhomogeneous elastic and thermal equations:
bufe fae (46)

LabT fp} (47)

where the weighting functions are chosen to be the elastic and thermal fundamental solutions u}, and T*. Then the elastic
and thermal representation formulae are similar to those of Fahmy [40] within the context of the uncoupled theory and are

given as follows

uge (S;) = f(ujiat tda ae) dc — j u;afaqedR (48)
c

T(¢) = f(q*T" —qT*) dC - fqu*dR )
C R

The dual representation formulae of elastic and thermal fields can be combined to form a single equation as follows

U8 = [ (UpaTe = T3a0)dC — [ UpaffhdR (50)
C

R

with the substitution of (50) into (45), the dual reciprocity representation formula of coupled thermoelasticity can be

expressed as follows

E
Up(&) = f (UpaTs — TpaUa)dC + Z Upe(©) + f (T5aUgy — UpaTj)dC | af (51)
c q=1 I
To calculate interior stresses, (54) is differentiated with respect to; as follows

U au;
D(g) f(UDAlTA Tpa1Ua)dC + E s ®) _ J-(TD*AIUXE — Upa,Tj5)dC |ag (52)
9 9§, 2 ' '
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According to the steps described in Fahmy [41], the dual reciprocity boundary integral equation (51) can be written in

the following system of equations
QU —nT = ((U —np)a (53)

Where ¢ contains the fundamental solution T;; and ¢ contains the modified fundamental tensor Ty with the coupling term.
The technique which was proposed by Partridge et al. [32] can be extended to treat the convective terms, then the

generalized displacements Uy are approximated by a series of tensor functions f,1 and unknown coefficients y,!

N
Up = D o (Vs o0
q=1
where
fra f=F=123d=D=123
feb = £ F=4 D=4 (55)
0 Ot erwise

The gradients of the generalized displacement can be approximated with the derivatives of tensor functions as follows

N
Urg = Z frg VY (56)
q=1

These approximations are substituted into Eq. (39) to approximate the corresponding source terms as follows

N
Sp = Z SAFquD,g 17 (57)
q=1

The same point collocation procedure described in Gaul et al. [42] can be applied to (44) and (54). This leads to the

following system of equations

S=Ja,U=]y (58)

Similarly, the application of the point collocation procedure to the source terms equations (57), (40), (41) and (42)

leads to the following system of equations

ST =8y (59)
ST = [pU (60)
ST = 84eU (61)
St =40 (62)

Where T4, 8, and d are assembled by using the submatrices[I4z], [64r] and [d] respectively.
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Solving the system (58) foraandyyields
a=JSy=7"U (63)

Now, the coefficients a can be expressed in terms of nodal values of the unknown displacements U, velocities U and

accelerations U as follows:
a=]" SO+ BT U + U + (d + 8,45 )U) (64)

An implicit-implicit staggered algorithm of Farhat et al. [43] was developed and implemented for use with the
DRBEM for solving the governing equations which may now be written in a more convenient form after substitution of Eq.
(64) into Eq. (53) as follows:

MU+TU+KU=0Q (65)

XT+AT+BT=Z70+R (66)

Where

V=0QU-np)", M=VE+3,:), L[=Vly,

K=-{+VBJ" q@=—yf+vy, X=-pclx+1)"
~
I a 0 _
A ab ;J' B=k" —a —a flﬂ T ﬁabTO’
a®% T Tab gy ax,’
a
R=—p%

whereV, 1171,'[“1 and ?represent the volume, mass, damping and stiffness matrices, respectively, U, U,U, T and @
represent the acceleration, velocity, displacement, temperature and external force vectors, respectively, A and B are
respectively the capacity and conductivity matrices, X is a vector of new material constants proposed by Green and Lindsay

[3], @ Z and R are coupling matrices. Hence, the governing equations lead to the following coupled system of differential-
algebraic equations (DAES) as in Farhat et al. [43]:

o ~ . ~ ~Dp
MUp41 +TUpys + KUpyy = Q (67)
XToys + ATpys + BTpyy = ZUpyy + R (68)
~Dp « . . . . .
where Q, ., = —nTF,, + VS®and TP, , is the predicted temperature. Integrating Eq. (65) with the use of trapezoidal rule

and Eq. (67), we obtain

. . At .
Un+1 = Up + T(Un+1 + Un)
Uy + X040 (@, ~ P — KU
— Un + 7[ n+ (Qn+1 - n+1 — n+1)] (69)
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At . .
Upnt1 = Up + T(Un+1 + Un)

. ATZ .. =1 /D ~ . ~
= Up + AUy + - [Un+ M (Qn+1 —TU,.,—K Un+1)] (70)
From Eg. (69) we have
. =1, ATry.. =1 D ~ _ AT -1
U,., =710, + 7[Un+M (@, —RUna)||, 7= (1 + M r) (71)
Substituting from Eq. (71) into Eq. (70), we derive
Upir = U, +AtU,
ATZ .. =1 [ mp R I ATy.. =1 /D ~ ~
t Ut M@y =TT |00+ 5 0,481 (@, = K Upas)|| = K U (72)
Substituting U%,, from Eq. (71) into Eq. (67) we obtain
. =1 | mp N1y ATy.. =1 D ~ ~
Ui = 0| @y =T |77 U0+ S [0t B (@ =K U] || = K Ui (73)
Integrating the heat equation (66) using the trapezoidal rule, and Eq. (68) we get
. , At .. ..
Thy1 =Ty + 7(Tn+1 + Tn)
R AT =1 [ . Mo ~ oA
=T, + 7()( |Z0ps1 + R = ATy = BToir |+ 1) (74)
At .
Tn+1 = Tn + 7 (Tn+1 + Tn)
. ATZ .. M=l . ~ ~ . ~
=T, + AtT, +T(Tn +X [Z Uppy + R—AT,,, —BTn+1]) (75)
From Eq. (74) we get
. . fom B VR Mo . ~ -1
Trar =Y Fo 4 (R 200y + R= BT | +7,)], Y= (143R2:K7) (76)
Substituting from Eq. (76) into Eq. (75), we have
. N et N ~
Tpor = T+ AcTy + = (T, 4 X [Z 00 + R
(77)

R0 [t 5 (8 [20as + R BT +5,)]) - BT
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Substituting T}, from Eq. (76) into Eq. (68) we obtain

.. el B PSS ~
Tor =X |Z0ns +R

(Y [T + —(x Z0,.,+R-B Tn+1] + Tn)D - §Tn+1] (78)
Now, a displacement predicted staggered procedure for the solution of (72) and (77) is:

(1) Predict the displacement field: U?, | = U,

(2) Substituting for U, and U, from equations (69) and (67) respectively in Eq. (77) and solve the resulted equation for
the temperature field

(3) Correct the displacement field using the computed temperature field for the Eq. (72)

(4) Compute U, 41, Upyq, Tpyq and T, from Egs. (71), (73), (74) and (78) respectively
4. Numerical Results and Discussion

Following Fahmy [40] monoclinic graphite-epoxy material is chosen for the purpose of numerical calculations, the

physical data for which is given as follows:

Elasticity tensor

430.1 1304 18.2 0 0
[1304 116.7 21.0 0 0 ]
| 182 210 736 0 0 24 |
=l o 0 0 198 -8. I
ll 0O 0 0 —-80 29 Jl
2013 701 24 0 0 147.3

Mechanical temperature coefficient

1.01 2.00 0
B 200 148 0 |-10°N/Km?
0 0 752

Tensor of thermal conductivity is
52 0 0

kap=(0 76 0 [W/km
0 0 383

Mass density p = 7820 kg/m? and heat capacity ¢ = 461 J/(kgK), H, = 1000000 Oersted, 1 = 0.5 Gauss/Oersted,
N =2 h=2, At =0.0001, T, = 1. The numerical values of the temperature and displacement are obtained by discretizing
the boundary into 120 elements (N, = 120) and choosing 60 well spaced out collocation points (N; = 60) in the interior of

the solution domain, refer to the recent work of Fahmy [41].

The initial and boundary conditions considered in the calculations are

7=0 ‘!ll=‘llz=‘l'll=ﬁ2=0, T:To (79)
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Ju Ju

x=0 Tt ==2=0,T=0 (80)
aT

x=y u =u, =0, azo (81)

_ Ju;  Ou, _

y_() W_W_O' T=0 (82)
aT

y=F U =u; =0, @:O (83)

The present work should be applicable to any generalized magneto-thermoelastic deformation problem. The
application is for the purpose of illustration; we don't intend to validate the results in a quantitative way because we have no
experimental data at hand; this may be justified because our objective is to introduce a viable numerical technique for
studying a model rather than to study any physical behaviors of it. Such a technique was discussed by Fahmy [41] who
solved the special case from this study in the context of the uncoupled problem. To achieve better efficiency than the
technique described in Fahmy [41], we use the implicit algebraic augmentation (IAA) procedure proposed by Farhat et al.
[43] into a DRBEM code, which is proposed in the current study. In order to evaluate the influence of the rotation on the
temperature and displacements in an anisotropic magneto-thermoviscoelastic thick strip, the uniform angular velocity values
are taken to be 0.0,0.5 and 1.0.

Fig. 2 is plotted to show the variation of the temperature T along the thickness of the thick strip. It is noticed that the
temperature increases with the increase of x in the absence (Q= 0.0) and presence (2 = 0.5 and 1.0) of rotation. Also, the

temperature decreases with increasing angular velocity.

2.0 - ()= 0.0

Temperature T

X

Fig. 2 Variation of the temperature T along the strip thickness

Fig. 3 and Fig. 4 show the influence of the rotation on the displacements u, and u, along the strip thickness. It is clear
from these figures that the displacement u; increases until it reaches its maximum value then it decreases slowly along the
thickness of the thick strip for all values of the uniform angular velocity Q, and it decreases with increasing the uniform
angular velocity Q. It can also been seen from the figures that the displacement u, increases with increasing x through the

thickness of the thick strip and it decreases with the increase of the uniform angular velocity Q.

Copyright © TAETI



82 International Journal of Engineering and Technology Innovation, vol. 3, no. 2, 2013, pp. 70-73

0.4

— ) = 0.0
0.3

wie Q=05

Displacement u,

0.4
- 0.0
= 0.5
e
g Q=1.0
. O=1.
=]
& 02
=
= /
.z
= l
l
0.0
0 2 4 6 8 10 X

Fig. 4 Variation of the displacement u2 along the strip thickness

The present work should be applicable to-any magneto-thermo-visco-elastic problem in a rotating functionally graded
anisotropic thick strip. The example considered by Sladek et al. [44] may be considered as a special case of the current

general problem.

In the special case under consideration, the results are plotted in Figs. 5-7 to show the validity of the DRBEM. These
results obtained with the DRBEM have been compared graphically with those obtained by using the Meshless Local Petrov-
Galerkin (MLPG) method of Sladek et al. [44] and also the results obtained by using the Finite Difference Method (FDM) of
Fahmy [45] are shown graphically in the same figures to confirm the validity of the proposed method. It can be seen from
these figures that the DRBEM results are in excellent agreement with the results obtained by MLPG and FDM, thus
confirming the accuracy of the DRBEM.

=== DRBEM
wo FDM
== MLPG

0.6

Temperature T

Fig. 5 Variation of the temperate T with time T for three methods DRBEM, FDM and MLPG
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=== DRBEM
«oss FDM
== MLPG

0.6

Temperature T

== DRBEM
v FDM

08 == MLPG

Displacement u,

0 2 4 6 ) 07T

Fig. 7 Variation of the displacement u, with time T for three methods DRBEM, FDM and MLPG

From this knowledge of the variation of magneto-thermoviscoelastic displacements in a rotating functionally graded
anisotropic strip along its thickness, we can design various magneto-visco-elastic FG strips under thermal load to meet

specific engineering requirements and utilize it in measurement techniques of magneto-thermoviscoelasticity.

Nomenclature

u,  components of displacement T time

T  temperature h perturbed magnetic field

¢'"  specific heat capacity H magnetic intensity vector

" magnetic permeability p' density

X  heat source C'avsg constant elastic moduli

X viscoelastic material constant B ab stress-temperature coefficients
o,, Mechanical stress tensor Vo retardation time for Kelvin-Voigt model
En.  Maxwell's electromagnetic stress tensor Q uniform angular velocity
k., heatconductivity coefficients V¢, &5, h, suitably prescribed functions

ty = gupny, tractions " additional material constant for GN theories
T,  relaxation time To reference number
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