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Abstract

This paper addresses the rental car allocation problem in which a car rental company rents its cars through
various channels. This study proposes a constrained model based on the nested-allocation structure to allocate the
rental cars to the car rental system to maximize the total rental revenues. The nested allocation strategy uses the
concept of whether the number of sales accumulated to a certain level exceeds a threshold corresponding to that
sharer. This approach allows the quota of low-profit channels to support the leasing demand of high-profit channels
at any time, thereby increasing revenue. The proposed model can dynamically adjust the nested strategy as the
dynamic programming model. However, it avoids the issues of ample storage space and long calculation time
commonly encountered by the dynamic programming model. Computational results show that the proposed nested

approach substantially outperforms the traditional exclusive allocation approach.
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1. Introduction

The car rental market has been increasing annually in several countries. Car rental has various purposes, such as business
travel, leisure travel, outdoor travel, emergency travel, official vehicle, and international travel. The car rental market’s revenue
and number of users are expected to reach US$99.27 billion and 620 million people, respectively, in 2023. The compound
annual growth rate of revenue from 2023 to 2027 is expected to be 2.99%. Based on this estimate, revenue and user numbers
are expected to reach US$111.7 billion and 620 million people, respectively, by 2027 [1]. These show that the car rental market
will still grow in the future. The car rental market continues to thrive due to many reasons. Renters do not have to pay a
considerable amount of car purchases, car taxes, and maintenance costs. They do not have to drive long distances to reach

tourist destinations. They can enjoy various car models and rental services provided by rental companies [2].

Car rental companies solicit customers extensively to attract different consumer groups. With the rapid development of
technology, car rental companies can provide consumers with car rental services through multiple rental channels, such as
travel agencies and professional leasing websites. Multichannel sales systems have been widely applied in many industries [3].
For example, airlines and restaurants sell to customers at different rates through various channels, including Expedia, Ctrip,
Booking, and Skyscanner [4]. Hotels accept customer reservations through traditional counters and online agents [5]. These
companies adopt multiple sales channels with different discount prices to sell a fixed amount of resources to maximize their

revenues [4].
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Multirental channel systems are a win-win mechanism because diversified rental channels can help operators increase
revenue by providing more sales opportunities. At the same time, they offer consumers the chance to obtain products through
low-priced channels, reducing their spending [6]. However, improper allocation of car resources may cause an imbalance
between supply and demand, and this imbalance results in inadequate rentable cars in some rental channels and excess rentable
cars in others. In general, operators may expect that high-profit rental channels can rent most cars and may attempt to allocate

more cars to the high-profit channels but fewer to the low-profit channels.

However, this strategy cannot guarantee high rental performance because car rental demand through high-profit channels
may be much lower than the number of car resources allocated. Comparatively, rental demand through low-profit channels
may be much higher than allocated car resources. In this case, many rental resources in higher-profit channels will be left idle,
and the rental system will lose considerable rental chances in lower-profit channels. The total number of rental cars allocated
to the rental station in the car rental industry usually stays the same in the short term. Therefore, operators must appropriately

allocate cars to each channel to reduce the possibility of idle or insufficient rental cars [7].

The exclusive and nested allocation methods are two popular resource allocation methods. The exclusive allocation
method divides the total resource into several quotas, assigning each quota to a specific sharer. Each sharer has different
consumer groups. Each sharer’s allocated quota represents the maximum available resources for that sharer. The sum of the
resources assigned to all sharers is precisely the total number of resources. This method has been used to solve various problems,

such as personal distribution and budget allocation.

The exclusive allocation strategy has a less complicated calculation structure. However, the allocation quota of each
sharer is independent; thus, the operation system cannot use the resources allocated to each sharer to support other sharers’
needs. Hence, some sharers utilizing this method may leave too many resources, while others may have insufficient resources.
For example, a customer makes a rental request at a sharer who has no resources on hand. In this situation, even if some other
sharers have less profit than the sharer who still has resources, the system has to reject the customer’s request because this

higher-profit sharer has no resources to satisfy its customer’s request.

The nested allocation method is a crucial resource allocation technology in revenue management (RM). RM is a
management method of selling products or services to customers at the right time and price to obtain the maximum expected
revenue [7]. The application of this method has received excellent results in many industries, such as the airline industry, hotels,
restaurants, and bars [8]. The nested allocation strategy does not set a limit for each sharer. Still, it uses whether the number
of sales accumulated to a certain level exceeds a threshold corresponding to that sharer. This method’s structure based on
cumulative sales across multiple channels allows holders to share their resources. It can reduce the possibility that some leased

station resources are idle while others are insufficient [7].

A rental company may expect to dynamically adjust the car resources to each rental channel through a few nested
thresholds based on the car inventory level at each rental station at different points in time. One way to develop dynamic nested
allocation strategies is using dynamic programming models. However, dynamic programming algorithms face time and space
complexity issues because they must store and compute many intermediate results, leading to exponential storage and

computation time growth as the problem size increases [9].

Thus, this paper introduces a method that utilizes a mathematical programming model to establish a dynamic nested
strategy for allocating rental cars to multichannel car rental systems to mitigate these challenges. The rest of this article is
organized as follows: Section 2 provides a literature review. Section 3 describes relevant assumptions of the research problem
and proposes a constrained integer linear programming model for the technical staff shift planning problem. Section 4
introduces the solution method. Section 5 uses numerical examples to illustrate the application of the model to the multi-

channel car rental problem. Finally, Section 6 provides the conclusion of the paper.
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2. Literature Review

The problem discussed in this paper belongs to the multi-rate and multi-channel resource allocation problems. The multi-
rate resource allocation problem has been widely discussed in RM issues, especially in the airline and hotel industries.
Problems associated with these systems usually involve multi-dimensional environments such as multi-rental stations, multi-
day reservations, and multi-period reservations, and most of them are complex computational network RM problems. Oliveira
etal. [10] reviewed car rental fleets” operation and RM issues, proposed a new integrated conceptual framework, and identified
some research directions for future development. Many scholars have used the decomposition-based approximate solution to
build controls for various capacities, such as the resource allocation problem of hotel room allocation for solving large-scale
problems [11]. These methods are used to divide a large-scale network problem into several independent subproblems and

have the disadvantage of disrupting the network effect of resource sharing among different products.

Kunnumkal and Topaloglu [12] used segment-based decomposition to solve airline RM problems involving customer
choice. They first allocated the revenue from each trip to the segments covered by the trip. They combined the penalty value
with the network effect, regarded the income distribution and penalty value as decision variables, and used the subgradient
search method to solve the problem. Aslani et al. [13] proposed a decomposition method to solve the problem of hotel RM
pricing. They considered out-of-stock and customer losses due to high-price strategies and developed techniques to estimate
effective daily arrival rates. They also used daily arrival rates to break down network problems into several single-day problems.
Li and Pang [14] constructed a discrete-time dynamic programming model to discuss the dynamic reservation control problem

of RM for car rental businesses with a single car rental station.

Due to the computational difficulty, they proposed two decomposition-based heuristic methods to solve the problem.
Fontem [15] constructs a dynamic programming model to explore a leasing and selling problem with car leasing and buying
customers. As the accumulated rental trips increase, the sales price of a rental car decreases. This article establishes a threshold
policy determining how long to lease a vehicle. Some studies have focused on measuring the impact of decomposition methods
on network effects based on time and capacity bid prices to improve the performance of these methods [13]. Bidding price
control is a widely adopted strategy in airline RM studies. The concept of this method is to set a threshold price for each

resource (e.g., flight segment and hotel daily capacity).

Then, this method decides whether to accept or reject a request based on whether the revenue from the booking demand
exceeds the total bid price of all resources consumed by the market. Kunnumkal and Topaloglu [12] formulated the total
expected profit based on the bid price. They used a stochastic gradient to construct a random approximation algorithm to
develop a bid price policy and reduce the computational burden. Pimentel et al. [16] compared the revenue-generating
capabilities of the nested network and bid price methods in hotel RM. They found that the nested network method is better
than the bidding method because the nested network method can increase revenue by an average of 6% in the worst case. Li
et al. [17] built a stochastic dynamic model to explore the RM problem of a car rental network with different rental times and
inventory liquidity. They proposed a Lagrangian relaxation method to solve the proposed model by decomposing the problem

into multiple single-station and single-day problems.

Many workers developed heuristic approaches to solve the problem. Conejero et al. [18] built an integer linear model to
explore the fleet allocation problem, which assumes that when the existing fleet cannot satisfy all accepted reservations,
operators can lease vehicles from an external provider and treat them as the initial portion of the rental fleet. They developed
a heuristic algorithm to solve this problem and minimize the number of cars subcontracted from the external supplier. Oliveira
et al. [19] proposed a mathematical model to analyze a dynamic pricing and capacity decision-making problem for car rental
companies. Due to the high computational complexity of this problem, they adopted a decomposition method that fuses genetic

algorithms to encode the price decision in the solution search individuals of the genetic algorithm.
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Later, Oliveira et al. [20] constructed a mathematical model in which demand is price-dependent to explore the number
and type of fleets for a car rental company. They proposed a method based on genetic algorithms to solve the problem. They
developed an approach based on genetic algorithms to solve the problem. Queiros and Oliveira [21] proposed a bi-objective
model to explore a capacity pricing problem that incorporates environmental factors into car rentals. They developed an
Epsilon-constraint approach to achieve the goal of a trade-off between profit and environmental impact. Jiang et al. [22] applied
a genetic algorithm to optimize vehicle routing with infeasible routes to minimize losses and enhance customer satisfaction
significantly. Chen et al. [23] developed a hybrid evolutionary algorithm to optimize the placement of signal transmission

stations with different regional communication quality constraints.

The research mentioned above does not explore the issue of multichannel resource allocation. Schneider and Klabjan [24]
proposed a single-item loss sales model in the context of two sales channels and analyzed the best conditions under known
inventory control strategies. They analyzed three variants of three arrival process models. However, their models ignore the
rationing strategy. Tian et al. [25] constructed a multi-period multichannel continuous-time model of time-dependent arrival
rate. They used the channel control strategy and the decision to protect the threshold for all periods to maximize profit. They

developed the threshold path control strategy based on the maximum principle.

According to the access control strategy, they found a unique optimal protection level at each period. Wang et al. [26]
aimed at the RM problem with a single flight and multiple rate levels under various sales channels to confirm the benefits of
RM in the sales channel. They constructed two mathematical models for cases without and with customer transfer of dynamic
programming. Numerical example studies have found that airline revenue systems introducing channel allocation strategies
can significantly increase revenue and reduce channel costs. The main reasons for the improvement are improved distribution

between fare categories and reduced risk of lost revenue.

Managers of car rental companies should efficiently allocate car resources to each car rental channel to increase the
utilization rate of the leased cars and reduce the possibility of a car rental operator shortage to increase revenues. The literature
above indicates that developing multichannel leasing systems can increase leasing opportunities to improve revenue, using the
nested allocation strategy can improve resource allocation efficiency, and applying the linear programming technique can

improve the computational barriers of significant network problems.

Thus, research on multichannel car rental allocation with a nested allocation strategy is a valuable research topic. However,
few studies have explored this issue. Therefore, the current study develops a linear programming model and applies a nested
allocation approach to allocate the rental car resource to each car rental channel to maximize the total rental revenues over a

planning horizon for multichannel car rental systems.

3. Model Description and Formulation

Consider that a car rental company plans to develop a T-period leasing strategy for its M rental stations. Each period can
be one day, one hour, or two hours. The current number of available rental cars at rental station i is s;. Consumers can rent a
car at any rental station and return the rented car to any rental station. The record of a car rental includes the rental station, the

rental channel, the return station, and the number of rental periods.

Let (t,i,j, k) represent the rental type where a car is rented at rental station i in period ¢ for k periods and is returned to
rental station j at the end of period t + k — 1. The company rents its cars through E channels. The revenue fee of rental type

(t,i,j, k) through channel e is 1 jx With the condition that channel 1 has the lowest revenue, followed by channel 2, and so on.
That is, 4 ke < 5 ke < rkE k- Let a period be divided into N time slots, in which a maximum of one rental type appears. The

probability that d requests for rental type (t,i,j,k) at channel e in any subperiod of 7 is denoted by pgijq With
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51 201 Yk=120=1Ptijka < | where K is the maximum rental period. This condition implies that demand at channel e for
car rental type (t, 1, , k) in a subperiod of ¢ is expected to be Y.5_, dpS; jka- Given that a period has N subperiods, the expected

demand in the whole period of 7 is df;j, = N ¥.4_1 dpfijka-

For the model development, this paper assumes that the event of car returns occurs at the end of the expiration period.
Suppose the current period is f; let by;;, represent the number of rental cars customers will return to rental station i after k
periods starting from period z. At the end of each period, several cars will still be in leasing after the car return event. Denote
O, as the number of cars still rented out after the car return event at the end of period ¢ Let the symbol v;; represent the car
inventory at station i at the beginning of period . Car inventory is related to whether sufficient cars are available for lease and
will change over time due to car rental and return. Car rental at each station is affected by demand and the number of leasable
cars at each channel. Regarding the nested allocation approach, let the symbol ug; denote the nested rental threshold for channel
e at rental station i in period ¢. The rental system determines whether to accept a rental request based on related threshold

values. How to develop these values is illustrated as follows. The notation is summarized below in Table 1.

Table 1 Notation and variables

Notation
E Number of rental channels S Total number of rental cars
K Maximum rental periods T Total number of planning periods
M Total number of rental stations N Number of sub-periods in a period
S Number of available cars at rental station i at the beginning of the first period
0, Number Qf vehicles customers will return to rental station i after k — 1 periods starting from the first
period with Oy, =0
cr Unsatisfied cost per unit of the leasing car for k periods
Cij Unit car transportation cost for rental station i to rental station j

x| Rental price of the rental type (¢, 1, j, k) through channel e

tiji. | Expected demand for rental type (t,i,j, k) at channel e

Variables
Vg Number of rental cars at station i at the beginning of period ¢
wg Maximum rental limit for channel e at the rental station i in period ¢
ug Nested rental limit from the lowest revenue channels E to channel e at the rental station i in period ¢

qiijk | Expected number of rented rental type (t,,j, k) in channel e

At the end of period ¢, the number of leased cars that will be returned to station i at the end of period
t+k-1

0, Number of cars in leasing after car return at the end of period ¢

The structure of the mathematical model is to maximize the total net profit of total rental revenues minus total unsatisfied

costs subject to the following constraints.

(1) Constraints for nested allocation structure: These constraints establish a nested allocation structure.

(2) Constraints for nested booking limit: These constraints ensure that the expected number of accepted rentals does not exceed
the booking limit.

(3) Constraints for acceptable rental cars: These constraints ensure that the expected number of accepted rentals does not
exceed demand.

(4) Equation constraints for the number of cars in leasing: These constraints express the number of cars customers will return
to each station.

(5) Equation constraints for inventory level at rental stations: These equations express the car inventories at all stations at all
periods.

(6) Equation constraints for keeping a total number of cars equal: These equations express that the number of cars stored in

the rental station plus the number of cars leased out permanently equals the total number.
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The following describes the objective function and each constraint formula.

Objective function:

The revenue of rental type (¢, i, j, k) from channel e is the result of the number of cars rented out qf; Jk times the rental

fee 5 jk - Thus, by summing all possible rental types over all periods, the total revenue can be expressed as
t1 Xbo X0ty Xy X1 4fiji 7 jx- By definition, the expected demand of rental type (t, 1, j, k) from channel e is df;j; and
the expected number of accepted requests is qg; ;. It must be q¢;;, < df; ) because the accepted request cannot be larger than
the rental request. Thus, the expected unmet cost of rental type (¢, 1, j, k) from channel e is (dfi ik — At jk)c,ﬁ , and the overall
unmet cost from all possible rental types over all channels can be expressed as Y{—q Yo—1 Xie1 X o1 Li=1 Ck (dfijk = Aiji)-

Accordingly, the objective can be expressed by:

Max PR = Z:T:IZ;E:IZZIZ?:IZ::I q;jkr;jk _Z::IZS:IZZIZIJ"{:IZZ:IC’? (d;jk B q;;jk) M

Constraints for nested allocation structure:

Suppose v;; cars are available at the start of period 7 in station i. Below, this paper first illustrates the exclusive and nested
allocation approaches. In the exclusive allocation structure, the value of wy; is exclusively used by channel e, and it is the

maximum rental level of channel e. Thus, the relationship between wy; and v,; is given by:

E € e .
oo Wi = Vii» Vint 2)

In the nested allocation approach, this method sets a threshold to limit the number of leases for the highest income channel in
each group of channels from the lowest income channel to the highest income channel instead of giving a dedicated number
of cars to each distinct channel. Let the symbol ug; represent the rental limit for channels 1 to e. The value of ug; is the

cumulative value of wf/ from e’ = 1to e’ = e and is expressed by:
e _ e e’ .
i = Wi Vet 3)

Constraints for nested-booking limit:

The value of uf; is used to decide whether to accept customers’ car rental requests at station i through channel e in period

t. The value of qf; jk 1s defined as the accepted number of rental types (¢, i, j, k) at channel e in period 7. The number of all
possible rental types of (t, i, k) rented through channel 1 to channel e in period 1, ¥5_; XL, ¥X_, qf; jk should be no larger

than the value of uf,. Thus, constraint is required.

25:12?:122:1 qleijk < u;, Vit (4)

Constraints for acceptable rental cars:
The accepted number of (t, 1, j, k) rentals at channel e, that is, q; ., cannot be larger than the demand, that is, df; ;. Thus,
the following constraint is needed.

Qi S dgs Ve,ik,t 3)

This model still needs equations to update the stock of rental cars at rental stations, cars in leasing, and rental cars to be returned

over time, as well as constraints to ensure that the total number of cars remains unchanged.
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Equation constraints for the number of cars in leasing:

Car inventory at the start of a particular period equals the number of car inventory at the start of the previous period minus
car rental in the last period and the number of returned cars at the end of the prior period. Suppose that the current period is 7.
bk is used to represent the number of cars that will be returned to station i at the end of period t + k — 1. This value comes

from two parts:

part (i) the number of cars rented out before period ¢ and customers will return them to rental station i at the end of period t +
k-1

part (ii) the number of cars rented out in period 7 that customers will return to rental station i at the end of period ¢t + k — 1.

For period t = 1, the value of part (i) is the number of cars left at the start of period 1 of O;;,. The value of part (ii) is
calculated as follows. The accepted rental requests of renting from station j and returning to station i for k periods from channel
e will be returned at the end of period t + k — 1. Note that the expected number of these rental cars is defined by g7 ;. By
summing all possible rental types of (1, j, i, k) overall rental stations from all channels, the value of part (ii) can be expressed

as Yb_1 X111 qf ji- Thus, by 4 is given by:

E M .
by =0y + Zezlzj‘:lqlljk’ Vi k 6)

For period t > 1, the value of part (i) of b, is the number of leased cars that customers will return to station i at the end of
period t + k — 1, by_1 ; x+1. In addition, for k < K, the value of part (ii) of b, is the number of leased cars that customers will

return to rental station i at the end of period t + k — 1, X.5_; XJL, qfjs- Thus,

by =b,  y + Zf:l ZI;[:I s V1> 10k <K @)
For period t > 1 and rental period k = K, among the cars in leasing in the previous period, the customers with the latest return
period are those customers with the maximum number of lease periods K in period t — 1. However, these customers’ return
periods are at the end of t + k — 2. Thus, the value of part (i) of b;;x is 0. For part (ii), only cars leased in period ¢ with rental
periods K will be returned at the end of period t + K — 1. The number of these rentals is Y2, Z?”zl qcjix- Thus, by is given
by:

£ Mo e .
bZiK = Ze:l z j=I q,],K B vVt > l,l (8)

The value of by, is denoted as the number of leased cars that will be returned to station i at the end of period t + k — 1. After
the cars’ return at the end of period 7, by, for all i and k > 1 is still in leasing. Thus, when the maximum rental period is K =

1 given that all rented cars are returned to a certain station at the end of the same period, O, is given by:
0,=0, Vt,K =1 C))
When the maximum rental period K > 1, the formula of O, for t < K is given by:
0,=>" 3" by. VK >1 (10)
Equation constraints for car inventory level at rental stations:
Given that the initial car allocation at rental station i is set at s;, the following constraint holds.

v =S$;, Vi (11
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For station i, the total number of cars rented from rental station i through all channels is Y.£_; 27:1 YK . qijke- The car inventory
at the start of period t + 1 is the result of car inventory at the start of period ¢, that is, v;;, minus the cars rented out during

period 7, that is, ¥.5_; X714 ¥k=1 qfjr» plus the number of cars returned to station i, that is, by;;. Thus, ;4 is expressed by:

t+lt = Ze 12] IZk lqnjk rtl’ Vi’t>1 (12)

Equation constraints for keeping the total number of cars equal:

The number of cars allocated at stations i is s;. let S = Y™ s; be the total number of cars. Given that the total number of
cars in the rental system is kept the same, the sum of car inventories at all stations and the number of cars in leasing should be
kept at S at the start of period t > 2. At the start of period ¢, the number of cars at all stations is Y17, V; ¢, and the number of

cars leased is O;_;. Thus, the following constraint holds.

zll +0,_, =8, Vt22 (13)

4. Solution Method

Lemma 1: For all t, i, k, and b;;;, can be expressed as follows.

E M t e .
O kstm ~ Ze:le:le:l Dyjikst—x» Virkot <K
b = (14)

E M t e .
Ze:l Zj:IZ.x:t—K+k i fe+t-x Vi.k 2 K

Proof:

It is clear that by;;, in Eq. (6) can be expressed by the first term of Eq. (14).
Next, the proof shows the statement that Eq. (7) can be expressed by Eq. (14).
For t =2, Egs. (6) and (7),
byike = Opisr + Yoot Xjet Qs jigsr + D=1 je1 @5 ik = Oigsr + Dbm1 et L1 Qjikt2—x
Thus, the statement holds for ¢ = 2 for Eq. (7).
By induction, substituting by_ ; k41 = Ojk+e—1 + Dem1 X je1 Lwmi Arjij+e—x IO beyye gives
btik = 01k+t 1 +Ze 12 lzx 1qx]Lk+t —-x +Ze 121 1qtjlk - 01k+t 1 +Ze 12 1Zx qujlk+t —-X
Thus, the proof for the first term of Eq. (14) is completed.

Fort =K,
b ik = bg—1ik+1 + 2o 121 =1 9K jik

since by_1 g1 = Ojjeri—2 + Dom1 Dje1 Dnet Qxjije+K—x

and Y5y XLy XXl @Y i kek—x T Xom1 Xje1 ARjik = Dot Dre1 Dne1 Ayjik+k—x

Thus, the second term of Eq. (14) holds true for t = k and k < K.

Again by induction, substituting by_1 ;1 = Yb=q D11 Dyt Qijik+k—x IO beype gives
bri = Le=1 Lje1 Xa=t  Gi—xjikx T Be=1 Lje1 Aijik = De=1 Lje1 Lx=t—K+k Dejikt—x

Finally, for k = K, from the second term of Eq. (14), the result of

bk = Xbo Xl Mimtokak Qrjik+t-x = =XE 2, q¢jix holds and, thus, completes the proof.

Lemma 2: The value of 0,V, t,K > 1 can be expressed as follows.

0 = ZZJZ::OLKH +ZleZj‘:Zi‘ilz;:tZ::t—aniﬁk’ Vi<kK (15)
=

Zf:l ZZI le‘il Zizzfmzz‘d[::tfmz q;jik . Vik,t2 K
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Proof:

By Egs. (10) and (14),

0r = XiL1 Xk=2baixe = 211 Xke2 Operr + Xb=1 ZiLa XJs Xhco X1 Qxjijert—x
Note ¥k=3 Oi 1 = k=i Opjra due to Opyery = 0and X2oq XE_2 G5 s jikrx—1 = Lz=1 Dk=2—x+2 Dnjik
Thus, the result holds for t = 2.
By Egs. (10) and (14), for t < K,

Or = TiL1 Xkea bri = XiLa D=z Opjere—1 + Lom1 2 12 L Yhe1 Yh2 Qxjij+t—x
Since 0y, = 0fork > K, ¥X_, 0 p1e-1 = Xh2t 0;pqe and
since Xi—1 Xk=2 Axjik+t—x Can be rearranged as V=1 Dhztox+2 Qrjik>
the first term of Eq. (15) follows. For t > K, by Egs. (10) and (14),

Ze 1 Z =1 Z =1 Z =2 ch:t—mk Zf:z q;ji,k+t—x

Since qf_y41,jix = 0 for k > K and Yoz Ximtok+k Li=2 Axjik+t—x can be rearranged as Yimtok+2 Dk=t-x+2 Qrjik-

Thus, 0, = X5 XL, Xty Xict—k+2 Dket—x+2 Axjix and the second term of Eq. (15) holds for t > K.

Lemma 3: For t < K and all i and v;; can be expressed as follows.

-1 ~ix

s;+h;—h, Vt>K

>

s;+ O, +h,—h, Vt<K
v = { X ! (16)

where h}; = h%, =0,

hfll 225:12?:122:1 ;c/: ;ﬂk’ Vi>1 (17)
= Y s V> (18)

Proof:

By Eq. (11), vy; = vy; — Ye-1 Z?il Y= CIfijk + by
By Egs. (12) and (14), v,; can be expressed as v,; = 5; — Yoy Zﬁ-":l Zlk{=1 injk + 04 + X6y 2%1 a1 q}iji,z—x
Note ¥.5_; X711 Xk=1qfijx is equal to ugzand Y2, X1 ¥1_1 q5ji 5, can be rewritten as
e=1 Zﬁ-":l i1 Xich q}i]tk hi;
Thus, the first term of Eq. (16) holds for t = 2. For 3 < t < K, by Eq. (11),
Ver1,i = Vei — Do=1 Lje1 k=1 dtijic + bein
By induction,

Vi1, = S+ 2O + 22 121 k)t qx]l.k Ye=1 Z?il k=1 251 q;ijk - Yoo Zﬂ-vil k=1 qfijk +
Oit +Z 12 1Zx 1qlet'+1 —-x

in which since ¥.5_; 271, X52i Tt 5 ik + Yoe1 Xje1 Xk=1qxjir+1-x Can be rearranged as
12 Ly Y= 12”1 xq;jlk gt1+1i

and — ¢y XLy Xk=1 X521 qFije — Ze=1 i1 Lk=1qcyjic can be rearranged as
e=1 Zj:l k=1 X1 q;iijk = —h;

Thus, the first term of Eq. (16) holds.

Fort = K, vg; = Vg_1; — Ye=1 Zﬂ'w:1 k=1 Ak-1,ijk T bx-1,i1-

By the first term of Eq. (16),

Vg1 = S + Xaet Opx + Yo= 121 D) St xq;]lk Ye- 121 1282t Y= 1quk
and by Eq. (14), bg_1,;1 = Ye- 121 1 25 qu]lK —x-
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: _ K-2 1 2
Thus, vk; can be rewritten as vg; = s; + Yx_1 0; + Bx_1 + Bi_, where
1 — K- 2 K 1 X €
BK—l - 12] 12 qx11k+2e 12] 1Zx qu]l.K X
and
2 _ E M VK e K=2 gk
Bgx_1 = _Ze=12j:12k:1q1(—1,i]k P 121 12%=1 D= 1qu]k
Note Bi_, can be rewritten as
1 _ K-1yK-x e 1
By = 12 =1 2x=1 Dk=1 Axjik = Uk,
and
2 _ K-1 2
By, =— 12 =1 Dix= IZk quij Uki

Thus, the second term of Eq. (16) holds for t = K. For t > K, the proof of the second term of Eq. (16) is similar
to the first term of Eq. (16) except that O;; = 0 for t > K since cars still leased at the beginning of the first period
must be returned within the maximum lease periods of K. Thus, the result follows.

Lemma 4: The equation of Y12, v; + 0,_; = S in Eq. (13) can be expressed by:

1“4 ) 0 k) Vt K
S (4t —p2) = | i 2 O V< N
i=1 M K
zf:lzkzxoik’ VI 2 K

Proof:

For t < K, from Eq. (16),
T v+ 0y = Nl s + DL Nt Oy + XLy (hey — BE)
Note X125 + X1y iz O = S — 21y Y=t O
Thus, %L, vy +0,_; = S can be rearranged as Y./2, (h{; — hf;) = XL, Yk_; Oy fort < K.
For t = K, from Eq. (16),
YiLivy + 0y =X s + 21 (h%,i - h?,i)
Note Y ,s5, =S — Y1 TK_ 0.
Thus, %L, vy + 0,y = S can be rearranged as Y=, (g¢; — hf;) = XL, Xh=1 Oy fort = K.

Lemma 5: constraint Eq. (2) can be expressed as follows.

S e s+ 0+ -2, Vi<K 0)
e i s Hh =R, V2 K

T °
Proof: 1t is clear from Lemma 3.

According to Lemmas 1 to 4, Eq. (2) can be replaced with Eq. (20) by Lemma 5, Egs. (6)-(8) can be replaced with Eq.
(14) by Lemma 1, Egs. (9)-(10) can be replaced with Eq. (15) by Lemma 2, Eqgs. (11)-(12) can be replaced with Eq. (16) by

Lemma 3, and Eq. (13) can be replaced with Eq. (19) by Lemma 4. Thus, the original model can be rewritten as follows:

Model 2: Max PR subject to constraints of Egs. (3)-(5), (14), (16), and (19)-(20).

This article refers to the above model as Model 2. The number of cars in leasing after car return at the end of the period ¢ of

O, can be computed by Eq. (15) after solving Model 2. In Model 2, the decision variables only contain variables qg; k> ug;, and

w¢;. In addition, since the model is linear, it can be quickly and optimally solved by linear programming solvers.

4.1. Dynamic rental car allocation

One can extend the above model to the case with the ability to deal with dynamic demand. When applying the proposed

model to the problem with random demand, the ending inventory of each rental station and the status of the cars leased out



78 International Journal of Engineering and Technology Innovation, vol. 15, no. 1, 2025, pp. 68-84

differs from the forecast status at the beginning of the planning period. After the experiment of all the subperiods of a period,
the solution procedure can recalculate Model 2 to revise the allocation strategy for all subsequent periods to match the actual
inventory and lease statuses. Fig. 1 shows how to use the proposed linear programming model to generate dynamic decisions.

Suppose the decision maker wants to recalculate the allocation and rental strategy in period .

In this situation, the solution procedure will first modify the following parameters: the number of planning periods, T, the
number of available cars at rental station i at the beginning of the recalculate period, s;, and the number of leased cars customers
will return to station i at the end of period t + k — 1, O;;,. The three parameters are named initial state parameters. The renewal

process of them is as follows:

(a) The remaining planning periods of T is updated to 7-t.
(b) The current car level at station i is set to s; = vy;.

(¢c) The number of cars in leasing customers will return k — 1 periods later is set to O;;, = by;.

Dynamic nested Remaining planning l
strategy schedule periodst =T
Reset allocation and Yes
rental decisions?
Ift>0
Ift =0 ’ No
Update the initial rental status based
on rental results in period t
Recalculate model 2 .
Report results ) et M (1) Current car level at each station | |
updated parameters (2) Number of cars in leasing
(3) Remaining planning periods
(4) Demands

Fig. 1 Framework of dynamic resource allocation

4.2. Structure of the exclusive allocation approach

The objective function of the exclusive allocation model is the same as Eq. (1) in the nested allocation model. The
constraints or equation constraints for acceptable rental cars, the number of cars in leasing, inventory level at rental stations,
and car inventory conservation are the same as those in Eq. (2) and Eqgs. (5)-(13) in the nested allocation model, except that
the constraints of Egs. (3)-(4) for nested structure and booking limit in the nested allocation model should be modified. Under
the exclusive allocation approach, wy; is denoted as the rental threshold for channel e at rental station i in period ¢. Different
from the nested allocation approach, the values of wf; and v;; have a relationship of YX5_; w§ = v;,. However, under the
exclusive allocation approach, customers’ requests are accepted only if gf. < wf, where T is a sub-period within a period,

ranging from 1 to N. Thus, constraints Eqgs. (3)-(4) in the nested structure model are replaced with constraint Eq. (21).
M K e .
2o D G S Wi Vesint @n

5. Design Examples

This section designs the following examples to illustrate the performance of the proposed model. Suppose that the
parameters used in the numerical examples are related to the leasing station, leasing pipeline, leasing return station, and the
number of phases. The rental fee for channel e is 130 + 20e dollars per period, with a discount of 3 dollars for each additional
rental period. In addition, customers shall pay two times the difference between the rental station i and return station j. That is,

for rental type (t, i, j, k) at channel e, the rental revenue is set at rteijk = (130 + 20 x e)k — 3(k — 1) + 2li — jl dollars for li — jl <

4. The shortage cost per car for all periods ¢ is set at $10k. The demand probability function pfjktd that d requests for rental
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type (t,1,J, k) at channel e is generated by pfjieq = PriPeijka> Where Py is the probability that requests are present at station i
in any subperiod of period ¢, and P,;jq is the probability that d customers will rent cars at station i for k periods in sales channel

e and return their cars at rental station j.

Appropriate prediction models can predict the precise demand probability function. However, this topic is out of the scope
of this study. This article assumes that the value of P;; changes cyclically every three periods and every five rental stations,
respectively. The value is supposed to be P;; = 0.75 — 0.03 mod[#,3] + 0.02 mod[i,5], where the symbol mod[b, g] is the
remainder of b divided by g. For the generation of P,;jyq, this article first gives each combination (e, i, j, k, d) a weight X,;jxq
and then generates it through Pe;jxa = Xeijka/e=1 2 =1 k=1 d=1 Xeijia- In the previous paragraph, this article has set that
the rental fee for the rental channel e’ is higher than channel e for all e’ > e, and the distance between rental station ; and
return station j increases as the difference between i and j increases. Here, the weight x4 is generated based on the following
logic. The weight decreases with increased distance between rental station i and return station j, the channel’s fare, and the
rental duration k. The formula to generate X;jkq 18 Xeijia = 80 — 10e — H(iyj) — k — 10d, where H(i, j) = 2 mod(li — j1,3) for li —

Jjl <3 and H(ij) = 6 for li — jl > 3.

The solution procedure accumulates the probability of each possible requesting rental type to create a roulette distribution
probability chart for simulating whether rental requests are present on each lease station in each subperiod of a certain period
and confirming the type and quantity when rental requests occur. In the simulation stage, the solution procedure generates a
random number for each subperiod for each rental station according to the position where the random value falls in the roulette
to determine the rental type and quantity of the appearing requests. Below, the solution procedure simulates a small-scale

example and two additional large-scale examples.

Example 1: An illustrative example

This example is mainly used to illustrate the application of the proposed model and how the proposed nested approach
brings higher profit than the traditional resource allocation method. Below, the abbreviations NA and EAA represent the nested
allocation method and the exclusive allocation approaches, respectively. This example sets the parameters of planning periods
T, number of rental stations M, number of rental channels E, maximum rental periods K, and number of subperiods in a period
Ntosmall valuesat T =2, N =6, M =3, E =2, and K = 1, respectively, to illustrate the booking process in detail. The number

of cars is set at s; = 5 cars for all rental stations. Table 2 shows this example’s booking limits for NA and EAA approaches.

Table 2 Booking limits for nested allocation u{, and exclusive allocation w;;

. uj wi
i=1]i=21i=3|i=1|i=2|i=3

1 5 4 3 9 2

2 6 6 6 4 10 4

In the following tables, v}*, gi™, and gf™ are used to represent the car inventory at the beginning of the nth subperiod at
station i, the cumulative number of cars leased over channels 1 + e until the beginning of the nth subperiod at station i, and the
number of cars rented out during this period, respectively. In subperiod n, acceptance of new demand depends on whether the
value of gf™ is less than uf; and whether cars are still in stock. The value of v]' is equal to the inventory of the previous

n-1

subperiod, that is, v;""~, minus the rental cars at the nth subperiod, that is, Zf/zl q{n—1- Thus, it is updated by the formula

below.

=y fozl‘lf;«—w Vin>1 (22)
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Suppose qf, rental demands at channel e in subperiod n are accepted. At the start of subperiod n + 1, the cumulated

accepted cars of g{"™*" for channels 1 to e, gi**™** for channels 1 to e + 1, and g;"™*" for channels 1 to E at the end of

subperiod n should be updated by adding gf,. Thus, g; " for ¢f > e is updated for all e’ > e channels with equation

e/ n+1

g; = gf”n + gf,for all e’ > e channels with Eq. (23).

gi‘)""” = gf'" +q, Viijn<N,e'>e (23)

The rental demand for each station for each subperiod is generated based on the falling points of random numbers on the
previously designed roulette distribution probability chart. Given that each period’s lease operation process is similar, this
paper only illustrates the first period’s lease process to save space. The rental process for other periods is similar to that of the
first period. Table 3 shows the randomly generated demand for all subperiods of period 1. This table shows that, in subperiod
n =1, d = 1requests are present for rental type (¢, i,j,k) = (1,1,1,1) at channel 2 at rental station 1, d = 1 requests are present
for rental type (t,i,j,k) = (1,2,3,1) at channel 2 at rental station 2, and d = 3 requests are present for rental type (t,i,,k) =

(1,3,2,1) at channel 1 at rental station 3.

Table 3 Appearing requests in each subperiod of period 1

n 1 2 3 4 5 6

ile|j|d|lel|lj|d|e|j|d|lel|j|d|le|j|d|el|jl|d
I{2(1f(1(0]j0jO0jOjOfO|T |21 |13 |2|1]|1]|2
2121311 )2(2({3(0j0|0|1]|2]1|1|1]|3|2]2]|]1
311)2(3|0(0|0(2|2|1|1|2|3|2|3|1[1]3]3

The number of 0 in column e represents that no demand occurs.

Table 4 shows that, at the start of subperiod n = 1, the nested cumulative leased cars are gi™ = 0 for all e and i. The
acceptable rental request for station 1 at channel 2 is uf, — g™ = u?; — g#' = 6, that for station 2 at channel 2 is u%; — g3* =
6, and that for station 3 at channel 1 is u3; — g3* = 4. Thus, the requests for d = 1 unit of rental type (1,1,1,1) at channel 2 at
rental station 1, d = 1 unit of rental type (1,2,3,1) at channel 2 at rental station 2, and d = 3 units of rental type (1,3,2,1) at

channel 1 at rental station 3 shown in Table 3 are all accepted.

Using Eq. (14), at the start of subperiod 2, the values of (gil'z,giz'z) at stations 1, 2, and 3 are (0,1), (0,1), and (3,3),
respectively (Table 4). In subperiod 2, 3 units of rental type (1,2,2,1) at channel 2 are accepted because the sum of gg'z plus
the newly accepted 3 rentals are equal to 4 and less than uf, = u3, = 6. Rental logic is applied to each of the following
subperiods, and all the results are shown in Table 4. The situation in the fourth period is specifically explained. In subperiod
4, the acceptable rentals for station 3 at channel 1 are uf, — gf" = u}; — g3* =4 - 3 = 1. Thus, although 3 rental requests are

present for the rental type (1,3,2,1) at channel 1, the system only can accept 1 unit.

Table 4 Booking process for period 1 under nested approach

n 1 2 3 4 5 6
ilelul | v |gf | ¢ | vi|gf | & |vi gl | |vi|gi|a |vi|gi|ai|vi|gi|dat
1[5 0]o0 00 0]o0 0|1 1] 2 3] 2
T e o1t lol 1ol Tol* 2701240
1[5 0]o0 0o 0o 0] 1 1|1 2|0
2Tl o> 3220l ?[alol ' [5701°%[eT0
1] 4 013 3]0 3]0 31 40 410
SaTe 1 ToTol B0l T2 a0l ' [5T1]°%6 0

Table 5 shows the booking process for period 1 under the EAA approach. Under this approach, the booking limits of
(wh, wk,y>?) at stations i = 1, i = 2, and i = 3 are (3,3), (2,4), and (5,6), respectively. Rental requests at subperiod 1 are all

accepted because the rental requests, g{"*, do not exceed their booking limits wy;. At the start of subperiod 2, the values of
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(yil’z,yiz'z) at stations i = 1, i =2, and i = 3 are (0,1), (0,1), and (3,0), respectively, where y{™ is the total number of accepted
rentals from subperiod 1 to subperiod n = 1. In subperiod n = 2, d = 3 requests are present for rental type (1,2,2,1) at channel
2 for station 2. However, under the exclusive allocation approach, the resources of each channel cannot be mutually supported.
Thus, one of the three requests is rejected because only wf, — yf™ = wZ, — y22 = 3 - 1 = 2 rentals can be accepted. The same

logic is applied in the following subperiods.

Table 5 Booking process for period 1 under exclusive allocation approach

n 1 2 3 4 5 6
N I IR A I I I B VA S I S I 7 0 A I A I /- I N VA I I I B A I

1] 3 0o 0] o0 0] o0 0o | 1 1| 2 3 | 0
1 6 5 5 5 4 2

2] 3 0 | 1 1 | o 1| o 1| o 1o 1o

1] 2 0o 0] o0 0] o0 0 | 1 1| 2 3 |0
2 6 5 3 3 1 0

2| 4 0 | 1 1| 2 3|0 3|0 3 | 0 3 | 0

1] 5 0 | 3 3 [0 310 310 3 | 0 3 | 0
3 6 3 3 2 1 1

G 0o 0] o0 0 | 1 1 | o0 1|1 2 [0

The details of the accepted rentals under the nested and exclusive allocation approaches are summarized in Tables 6 and
7, respectively. The revenue obtained from these results is as follows. The total revenue for the NA approach is 5,466, while
the revenues for channels 1 and 2 are 2,952 and 2,514, respectively. The total revenue for the exclusive allocation approach is
4,634, while the revenues for channels 1 and 2 are 2,310 and 2,324, respectively. It’s worth noting that the profit of the nested

approach is 17.9% higher than that of the exclusive allocation approach, reaffirming the success of the chosen strategy.

Table 6 Accepted rentals from the nested approach

t 1 2
i i=1 i=2 i=3 i=1 i=2 i=3
ry2(3(1(2{3|1|2(3(1(2{3|112(3(1(2]3
e=1(2|1]|2|1(1(0{0{4]|3(3(0[0|0|5]60 10
e=2 010|013 ]1|0]1 1/0{0(4(0|0]|3]0]0
Table 7 Accepted rentals from the exclusive allocation approach
t 1 2
i i=1 i=2 i=3 i=1 i=2 i=3
1231231231 |2]|3|12(3|1]2]3
e=1|0]1 211(0(03 210 410/0(0(1|0
e=2(1]0]00(2}1(0|1|1|1[0]0|4]|]0|0|3(0]0O0

Examples 2-4: Results and discussion

Through the three examples, this study intends to understand whether the NA approach is still better than the EAA
approach for large-size rental systems. The parameters of planning periods 7, number of rental stations M, maximum rental
periods K, and number of subperiods in a period N are set at 7 =7, N =15, E = 3, and K = 2 for all examples. At the start of
period 1, 15 cars are available for each rental station for all examples. The parameters of the number of rental stations M are
set at 10, 20, and 50 for Examples 2, 3, and 4, respectively. Each example is simulated with 50 runs. The total profit by the
EAA and the NA from the 50 simulations of Examples 2, 3, and 4 are shown in Figs. 2, 3, and 4, respectively.

In these figures, the y-axis represents the income and the x-axis represents the number of the experiment case. The profits
for the EAA approach fluctuate among the range of $63,423 to $82,100, $135,694 to $165,264, and $293,809 to $323,090, for
Examples 2, 3, and 4, respectively. The profits for the NA approach fluctuate among the range of $99,240 to $107,514,
$215,370 to $227,740, and $568,606 to $585,508, for Examples 2, 3, and 4, respectively. These results show that the NA
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approach outperforms the EAA approach, with significantly higher total profit. Tables 8, 9, and 10 summarize the results and
show more detailed information related to the average profit (AP) per channel, total AP, minimum profit found, maximum

profit found, and standard deviation (SD) of profit of the two examples.

110000

90000
80000
70000
60000
0 10 20 30 40 50 case
s EAA revenue NA revenue
Fig. 2 Framework of dynamic resource allocation
250000
230000 WMWM*/
210000
190000
170000 r y
-~ » \ - 7
150000 v Nna N SONTON T R (e NN
v
130000
0 10 20 30 40 50 case
= == = EAArevenue = N A revenue

Fig. 3 Fifty simulation results of Example 3
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550000
450000
350000
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Fig. 4 Fifty simulation results of Example 4

In terms of the total AP, Tables 8, 9, and 10 show that the profits of the NA approach are 39.64%, 43.17%, and 86.9%
higher than those of the EAA approach for Examples 2, 3, and 4, respectively. Regarding the minimum and maximum profits
found by the three approaches, the lowest and highest profits by the NA approach are all higher than the EAA approach for all
examples. In terms of the profit SD, the NA approach achieves profit SD values of approximately 44.19%, 46.08%, and 51.96%
of those of the EAA approach. Regarding the average computation time per simulation (AT), Tables 7-9 show that the
calculation times of the NA and EAA methods are very close, and the calculation times of both methods will not increase

significantly as the number of rental stations increases.

Table 8 Computational result of Example 2
. Channel . AT
Profit 1 > 3 AP Min Max SD (seconds)
Nested | $44,220 | $29,461 | $28,775 | $102,456 | $99,240 | $107,514 | $1,818 202

Exclusive | $2,303 | $36,195 | $34,874 | $73,372.8 | $63,423 | $82,100 | $4,113 198
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Table 9 Computational result of Example 3

hannel -
Profit Channe AP Min Max SD Time
1 2 3 (seconds)
Nested | $99.547 | $61.238 | $59.431 | $220.216 | $215.370 | $227.740 | $2.672 | 402

Exclusive | $12,473 | $74,882 | $66,461 | $153,816 | $135,694 | $165,264 | $5,799 391

Table 10 Computational result of Example 4

Channel ~
Profit anne AP Min Max SD Time
1 2 3 (seconds)

Nested | $271,611 | $161,047 | $144,446 | $577,103.4 | $568,606 | $585,508 | $3,816.4 1,118
Exclusive | $75,204 | $129,122 | $104,459 | $308,784.5 | $293,809 | $323,090 | $7,344.2 1,095

6. Conclusions

This study addressed a multichannel car rental system and developed a period-by-period linear programming model to
construct a dynamic nested strategy of multiple rental stations with various sales channels. The established dynamic nested
structure can allow managers to adequately adjust the number of rental cars in each rental channel, thereby increasing revenue.

The main conclusions of this paper are as follows.

(1) The computational results show that the proposed nested approach can enhance revenue for multichannel car rental

systems while maintaining proper storage space and short computation time.

(2) Regarding the total AP and SD values, the nested approach performs better than the exclusive allocation approach
regarding solution stability and profit pursuit ability.

(3) When applying the proposed model to the situation with random demand, the ending inventory of each rental station and
the status of the cars leased out differ from the forecast status at the beginning of the planning period. After the experiment
of each period’s subperiods, the solution procedure can recalculate the allocation strategy for subsequent periods to deal

with the cases with random demands and match the actual inventory and lease statuses.

7. Limitation and Future Direction

Generally, a car rental system will provide a variety of car models. When customers cannot rent a car model they originally
intended to rent, they may switch to leasing other car models. However, the framework of this article is limited to the rental
problem of a single-car model and, therefore, does not consider the substitutability of demand between different car models.
Ignoring substitution demand may lead to underestimating the benefits of the substitution effect among multi-car models. Thus,
it is necessary to establish mathematical models and decision-making plans with alternative demands among different car

models to improve the overall rental revenues of all car models.

However, the model of multiple rental car models will be a more complex problem based on a nested decision-making
structure. In terms of development, it will also face more challenges. This study leaves this issue for future research.
Additionally, this study did not provide in-depth estimates of online rental demand for each channel or explore parameters
such as car rental and return. Given that these parameters significantly influence the quality of decisions, this study also

identifies them as critical areas for future research with the potential to have a significant impact on operations management.
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