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Abstract
In this paper, we present a point memory robust state observer with time-varying adjustable parameters for a
class of uncertain linear systems with state delays. The point memory robust state observer proposed in this paper
consists of fixed observer gain matrices and time-varying adjustable parameters, which are determined by updating
rules. Sufficient conditions for the existence of the proposed point memory robust state observer can be reduced to
solvability of LMIs. Finally, simple numerical examples are included to illustrate the effectiveness of the proposed
robust state observer.
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1. Introduction

Time delays are a phenomenon that occurs in physical systems such as manufacturing, long transmission lines in
networked control systems and so on. When designing control systems, time delays is usually the reason that generates
oscillation, poor performance, or instability of underlying control systems. Namely, dealing with time delays is an important
issue of controller design, and designers have to manage time delays so as to avoid the negative effects on the performance of
control systems. Therefore, various control strategies for time-delay systems have been widely studied (see. [1] and references
therein). In particular, [2] has adopted a point memory feedback strategy and presented an LMI-based design method of LQ
regulator for a class of time-delay systems. Additionally, for uncertain time delay systems, lots of existing results for robust
controller design methods have been shown (e.g. [3-4]). Particularly, in the work of [5], a guaranteed cost controller for a class
of uncertain time-delay systems has been suggested. Furthermore, a variable gain robust controller for a class of uncertain

linear systems with state delays has also been proposed [6].

By the way, in the control theory, the concept of state variable feedback is the most fundamental strategy for controlling
dynamical systems. In particular, for linear systems, when the liner system is controllable (e.g. [7-8]) and references therein),
the closed-loop poles arbitrary can be assigned. However, due to physical, technical and/or economic reasons, not all variables
can be measured; designers have to be able to deduce information on the state of the dynamical system by means of
observations and measurements or a priori knowledge of the system structure. Namely, the so-called state observers must be
designed. If the estimate of the state variable can be constructed, by using the estimate can derive from a feedback control
system based on the state observer. It is well-known that the state observer was first presented and developed by [9-10], and

further studied by many researchers (e.g. [11]). The observer design only aimed to linear time-invariant systems with complete
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knowledge of system parameters, also the input and output signals. However, it is inevitable to include uncertain parameters
and parameter variations; at the same time, the controlled systems are affected by unknown disturbances. Therefore, state
observers which guarantee the exactness of state estimation in the presence of unknown parameters are required. Thus, the
design problem of robust state observers for uncertain dynamical systems has been well studied, and in order to deal with this
problem, a large number of existing results of robust state observer design have been presented [12-13]. In the work of Wang et
al.[14], a design method of an optimal observer of uncertain linear systems has been proposed. Note that these robust state
observers have fixed observer gains. Furthermore, a robust state observer for linear systems with perturbations has been shown
[15]. The [15] have introduced time-varying complementary variables, and based on a Riccati equation approach a design
method of the robust state observer has been suggested. Additionally, the relation between solvability of the derived Riccati
equation and Hoo-norm performance of a transfer function has been analyzed. For their work, a comment and authors' reply

have also been presented [16-17]. However, the robust state observer given in [15] is incomplete.

In this paper, on the basis of the existing result [6], we present a point memory robust state observer with time-varying
adjustable parameters for a class of uncertain linear systems. The proposed point memory robust state observer consists of a
time-varying adjustable parameter and a number of fixed gain parameters. In this paper, we derive complete sufficient
conditions of the existence of the proposed variable gain robust state observer, and the sufficient conditions are given in terms
of LMIs. This paper is organized as follows; Notations and useful lemmas, which are used in this paper, are shown in Section
2. In Section 3, we show the class of uncertain linear systems under consideration and an observer with fixed and time-varying
adjustable parameters. Section 4 is the main result in this paper. The design method of the proposed point memory robust state
observer with time-varying adjustable parameters is presented. Finally, we show simple illustrative examples to show the

effectiveness of the robust state observer developed in this paper.

2. Preliminaries

In this section, notations, well-known and useful lemmas (see [18] for details) which are used in this paper are presented.
The following notations are used in this paper. For a matrix S, the inverse of matrix S, and its transpose are denoted by

S, " andS,", respectively. Moreover, He{S} and |, mean S + ST and n -dimensional identity matrix, respectively, and
for real symmetric matrices W and Z , W > Z (resp. W > Z ) means that W — Z is positive (resp. nonnegative) definite
matrix. For a vector w € ‘R”, ||W|| denotes standard Euclidian norm and for a matrix W , ”\N” represents its induced norm.

G —9

The symbols “=" and “*” mean equality by definition and symmetric blocks in matrix inequalities, respectively.
Lemma 1 (Schur complement formula [18]) : For a given constant real symmetric matrix ¥, the following items are

equivalent:

R _ lpll l1112

O w=("" y2)>o

(i) W1y > 0and Yy — WY, > 0,
(iii) Y, > 0and Yy; — Py P35 07, > 0.
3. Problem Formulation

Consider the uncertain time delay system described as the following state equation;

%x(t) = (A+CTAMEX() + (A, +CT A, (D)E, Jx(t —h) + Bu(t),

y(t) = Cx(v),

o))

where x(t) eR", u() e K™ and y(t) € %' are the vectors of the state, the control input and the measured output,
respectively. In Eq. (1), matrices A, B and C represent the nominal systems parameters with appropriate dimensions, and
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A

n |
E e and E, € ‘J{qhx denote the structure of unknown parameters. Moreover A(t) € %9 and A () eR “h are

unknown time-varying parameters which satisfy the relations || A(t) 1.0 and ||A () [ 1.0, respectively.

Now the design problem under consideration is how to design a variable gain robust state observer with the measured
output y(t) e %' and the control input u(t) e R™ . The estimation error between the state variable and the estimate based on
the observer can converge asymptotically to 0. In this paper, we introduce the following point memory robust state observer;

N A\ A\ A\ N

%x(t) = AX(t) + Ah x(t—h)+ L(y(t) - C x(t)) + Lh (y(t =h) =C x(t = h)) + Bu(t) + e(t), 2

nx|

AN
where x(t) € R" is the estimate of the state variable x(t),and Le R and L, € 2™ are fixed observer gain parameters.

Moreover ¢(t) € R" in Eq. (2) is a compensation input with time-varying adjustable parameters [6]. Then we obtain the
following estimation error system;

%e(t) = (A= LO)e(t) + (A, — L Ce(t—h) +CT AQEX(®) +C' Ay ©E, x(t —h) - (1), ®)

where e(t) is an estimation error vector defined as e(t) = x(t) — x(t),

From the above, our control objective in this paper is to construct the point memory robust state observer of Eq. (2), for
the uncertain time-delay system of Eq. (1). That is to derive the fixed gain matrices L e 2™ and L, € R™ , and the

compensation input ¢(t) € R" such that the estimation error system of Eq. (3) is asymptotically stable.

4. Main Results

In this section, we derive an LMI-based design procedure for the proposed point memory robust state observer with
time-varying adjustable parameters. Next theorem gives a sufficient condition for the existence of the proposed robust state
observer.

Theorem 1: Consider the uncertain time delay system of Eq. (1) and the robust state observer of Eq. (2).

nxn nx|

If the symmetric positive matrices exist, P € R eR™ and X e ®"™ , matrices W < 2™ and W, eR" and
positive scalars u, uy,, A and A, which satisfy the LMIs
He {AT P —WC}+ wE'E+R PA -w,c pPc' pc' pcT  pc!
T
* “PhtER By O Ong O Ong
* * - ,ull 0 0 0 <0, @)
* * * — /1||
* * * * — ‘uh | |
% * * * * - /”Lh ||
T T
C XC PC
] >0, ®)
* |I

nxl|

then the fixed gain matrices L € R and Ly, 2™ are determined as L = P™'W and L, = P_l\Nh , respectively and the

compensation input ¢(t) € R" is designed as:

1/2

Note that if Hx Ce(t)H =0, then o(t) = p(t, ), where t, = lim__, (t - £) [19].
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Proof: In order to prove Theorem 1, we introduce the following function:

N 2 A 2
A||E x(t) +/1hHEh x(t—h)H
_ AT ()
o(t) = 5 P "C' XCe(t).
1/2
X “Ce(t)
By using the point memory robust state observer with the fixed gain matrices Lew™ and Ly, e Rj™ , and the
compensation input ¢(t) € R" | the estimation error e(t) converges asymptotically to 0.
T 0 7
V(et)=e (t)Pe(t)+ [ e (t+0)Pe(t + 0)de. (7
—h

The time derivative of the function V (e, t) of Eq. (7) along with the trajectory of the estimation error system of Eq. (4) is given
by
d

™ V(e,t)

el (t)[H o (P(A- LC)}Je(t) +2¢" ))PCT AQ)EX(t)
2 (t)P(A, ~L,Clet—h)+2eT ())PCT A (DE x(t~h) ®8)

— 2¢T ©PH(t)+eT ()Ret) ' (t-h)Pe(t—h).

+

If the relation e' (t)PCTCPe(t) =0 holds, then it is to be seen from Eq. (6) and the relation —2e' (t)Pe(t) < Othat the
following inequality is satisfied;

%v et <el (t)[He (P(A- LC)}]e(t) +2eT ()P(A ~L, Cle(t—h)

9)
+el ()P e(® _el (- h)P, e(t—h)
The inequality of Eqg. (9) can be written as:
d e) ) (He{P(A-LO}+R P(A -L O)Y et
—V(et) < . (10)
dt e(t—h) s - P e(t—h)
Thus the matrix inequality:
He{P(A-LC){+P. P(A, -L,.C
( e tP( e Py Py Ly )j<o, (11)
* -P
h
is satisfied, then the following relation holds;
d
av (e,t) <0, Ve(t)=0 and Ve(t—h)=0. (12)
Next we consider the case of e' (t)PCTCPe(t) > 0. Additionally, we introduce the relation:
el )PCTCPet) <e' (t)CT XCe(t), (13)

where X e ®™ is a symmetric positive definite matrix. Note that if the condition el (t)CT XCe(t) =0 holds then
el (t)PCTCPe(t) = 0is also satisfied.

We can see that the relation of Eq. (13) means the following inequality;
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c'xc>prclep, (14)

By applying Lemma 1(Schur complement formula) to Eq. (14), we obtain

T T
(c XC PC JZO' (15)

* |I

It is obvious that if the condition of Eq. (10) holds, then we have e' (t)C" XCe(t) > 0in the case of ' (t)PC' CPe(t) > 0.
A AN
From the definition of the estimation error vector, the relations X(t) = e(t) + X(t) and x(t —h) = e(t — h) + x(t — h) holds.

Therefore, the time derivative of the function V (e,t) can be rewritten as

%v et =e (t)[H o (P(A- LC)}]e(t) +2¢T ()PCT ADE(e(t) + ;\(t))

+2eT ()P(A — L Cle(t—h)+2e" ()PCT AL (D, (e(t—h) + /;(t —h))
~2eT OPg(t) +e’ )P e(t) e’ (t-h)P et —h)
<el (t)[He (P(A- LC)}Je(t) +2e" (P(A L Oy, (1)
+LeT ypcT cpe(t) + e’ (VET Ee(t)
Y7
/\T VAN
+%eT ©)PCTCPe(t)+Ax (H)ETE x(1)

(16)

L T pcT cpe(t)+ e (t- h)E, T E et —h)
Hh

T
A A
+% el (t)PCTCPe(t) + 2hx (t-h)E,T E, x(t—h)
h

+2T P4t +eT ())Re®) e’ (t-h)Pe(t-h).

VAN
Here we used the relation e(t) = x(t) — x(t) and the well-known inequality

1
ZaTbs;(aTa+—bTb (7)
X

for any vectors a and b with appropriate dimensions and any positive constant y. By substituting the compensation input of

Eqg. (6) to Eq. (16) and some algebraic manipulations gives

T
d e(t) _ e(t)
aV(e,t) < (e(t a h)j E(P, Py sty 3 2 A, )[e(t il h)). (18)

2nx2n

InEq. (15), E(P, Py, gy s, A, A)) € R is the matrix given by

_ Eqq (PP, 14, 241) P(AL - L, C)
a(P,Ph,uh,u,z,zh)z( L e (19)
~h
1 1 1 1 T T
Zq4(P, P st 11, 4,4 ) = He {P(A—LC)}+| =+ —+=+— |PC' CP+1E E+P (20)
11 (P Py 4ty h)=He h
Ho My A ‘&h

Therefore, the inequality condition of Eq.(12) is satisfied provided that the following condition holds,

E(P, Ph”uh"u’ﬂ“‘ﬂ’h) <0. (21)
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Additionally, one can clearly see that the matrix inequality of Eq. (21) is a sufficient condition of Eq. (11), i.e. if the matrix

inequality of Eq. (21) holds then the condition of Eq. (11) is also satisfied.

Finally, we consider the matrix inequality of Eq. (21). By applying Lemma 1 (Schur complement formula) to Eq. (21), we can

obtain the LMI of Eq. (4). Thus, the proof of Theorem 1 is accomplished.

5. Numerical Example

This section shows a simple numerical example to demonstrate the proposed point memory robust state observer. In this

example, we consider the uncertain time delay system given by
-1.0 1.0 1.0 -05 0.0
a X(t) = + A(t) X(t)
dt 00 -10) (10 00 00
0.5 0.0) (1.0 0.0 0.0 0.0 22
+ + A (1) x(t—0.5)+ u(t), 22)
0.0 05) (1.0 0.0 05 1.0
y(t)=(1.0 1.0)x(t).

Firstly, by solving LMIs of Eq. (4) and Eq. (5), we have symmetric positive definite matrices Pe%?? , B, e R?? and

X e®P, matrices W e %24 and W, e %> and positive scalars z, uy,, A and 4, as

2.1570 -2.1208 s 2
( Jxloi Ph:(5.6711><10 1.3509x10]

* 2.1570 * 6.4073x10°
. 4.2335) -5.0857) _ (23)
X =4.0718x10°, W = x10°, W, = x10°,
1.7941 4.9957

1=54931x10°, g, =54351x10°, A1=5.4737x10°, A, =5.4632x10".

Thus the fixed gain matrices Le%>® and L, e %2 can be calculated as

8.3413 2.4208x10°"
L= 10, = . 24
(8.2843]X b (—6.4078><103j 24

In this example, initial values for the uncertain linear system of Eq. (22) and the proposed variable gain robust state observer

A
are selected as x(0)=(-1.0 0.5)T and X(0)=(0.0 0.0), respectively. Furthermore, unknown parameters are given as

A(t)=(0.0 cos(57t)) and, respectively. Moreover, we assume that the control input is given by u(t) =sin(zt) .

The simulation result of this numerical example is shown in Figs. 1-4. In these figures, XI, Xextl and El (1=1,2) denotes
the I-th element of the state, the estimate of the state variable and the estimation error. From these figures, we can see that the
proposed point memory robust state observer can estimate the state variables of the uncertain time delay system of Eq. (22) and
the estimation error for the proposed point memory robust state observer converges to 0. Thus we have shown the effectiveness

of the proposed point memory robust state observer.

0.4 0.8
0.7 |
0.2 06 |
0 0.5
I 0.4 |
% -0.2 % 0.3+
A -0.4 | A 0.2 |
- 2 01}
-0.6 0
0.1 }
-0.8 | X1 ——

Xest1 0.2 |
£ - -0.3

01 2 3 456 7 8 9 01 2 3 45 6 7 8 9

Time Time

Fig. 1 Time histories of the first element of x(t) and Q(t) Fig. 2 Time histories of the second element of x(t) and Q(t)
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Fig. 3 Time histories of the first e(t) Fig. 4 Time histories of [e(t)|

6. Conclusions

In this paper, on the basis of the work of Endo et al.[6], we have proposed a new point memory robust state observer for a
class of uncertain time delay systems. The sufficient condition for the existence of the proposed point memory robust state

observer is reduced to LMIs, and thus the proposed robust state observer can easily be obtained.

Future research subjects are going to extend the proposed point memory robust state observer to uncertain large-scale
interconnected systems with state delays, uncertain discrete-time systems and so on. Furthermore, we will evaluate the
conservativeness of the proposed observer design.
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